Power-Law Covariance

A simplifying structure for data and representations

Princeton 2026 Summer School in Machine Learning
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A theory of every neural network says almost nothing

With enough parameters, neural networks can represent an enormous range of
input—output relationships.
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A theory of every neural network says almost nothing

With enough parameters, neural networks can represent an enormous range of
input—output relationships.

The data, target, architecture, and optimizer can all change the training story.

A useful theory begins by choosing a structure that constrains the problem.

Here the structure is the covariance eigenspectrum.
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Covariance and principal directions

For a random vector X € R9,

¥ = Cov(X) = E[(X — p) ® (X — p)]-
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Covariance and principal directions

For a random vector X € RY, If uis a unit vector,
T
¥ = Cov(X) = E[(X — p) ® (X — p)]. u' Xu = Var(u,X).
For centered data = eigenvectors = principal directions;

= eigenvalues = variance in those
¥ = E[X @ X]. directions.

Covariance is a linear statistic, but in high dimension it can still carry rich geometry. Later
we will ask whether nonlinear network transformations weakly preserve that geometry.
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A power law is a soft notion of dimension

N(X) =<7 = log \j ~ C — alog .
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A power law is a soft notion of dimension

N(X) <)@ = log\j = C — alog j.

There is no sharp rank cutoff. Instead, count the directions visible above a resolution &:

NE)=#{j:\j>e} = et
Larger o Smaller o

Faster decay; fewer visible directions. Heavier tail; more relevant directions.

Example: Matérn kernels connect o to smoothness and intrinsic dimension.
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Image spectra survive random layers

Aj/AL (normalized)

(a) lterated linear sketches

(b) tanh MLP on CIFAR-10
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Image spectra survive random layers

(a) lterated linear sketches

(b) tanh MLP on CIFAR-10
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10° 4 a=1.31 i R a=131
107 4 e
1071 4 g,
—_— —_— 1072 -
3 %
~N 1072 4 N
= = 1073 4
£ oo E o]
o 10774 o 10
= £
- — -5
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S_\ 10-4 4 -§ Input (d=3072), slope=-1.31
~< —— Population j~131 < L1 (d=1024), slope= -1.30
Sketch 1 (d =3000) 107° 4 L2 (d=1024), slope= -1.31
10-5 4 Sketch 2 (d =1000) L3 (d=1024), slope= -1.31
Sketch 3 (d =1000) 1077 4 L4 (d=1024), slope= -1.32
7131 reference ~== j~13 reference
10°° 1078
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The finite width changes the spectral cutoff much more than the fitted slope.
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One sentence, three random vectors

The dragon misunderstands tokenization.

Start with a sentence.
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One sentence, three random vectors

The dragon misunderstands tokenization.

!

{G PT-2 tokenizer}

!

The dragon  misunderstand s token ization -

seven GPT-2 BPE tokens

Tokenization chooses the discrete symbols the model will see.
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One sentence, three random vectors

The misunderstand S token ization -

embedding matrix £ € RV*¢

selected row

e DD EEEnE— HEEEEEEE

d coordinates

er = ET’; e R¢

For T = dragon, take one row of E: this is et.
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One sentence, three random vectors

A context is a sequence of token embeddings

The dragon misunderstand S token  ization

A e R

d
€T, €T,,---,€7, € R
one d-dimensional vector for every token

Keeping the vectors separate remembers which embedding belongs to which token.
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One sentence, three random vectors

The

dragon
misunderstand
s

token

ization

Vectorize the whole context

[
[
[
EEEEE
EEEEE
EEEEE
[

*[stack end to end}>

C. = vec(er,,...,eT,)
c RLd

L vectors, each with d entries

Stacking the window produces a second random vector, C;.
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One sentence, three random vectors

The network creates new random vectors

[ ] ]
[ ] ]
ot
— = =
er, € Rd hs&,)t hss,)t

position t in context w

[ NNEmmn)

hwt € RT
m = hidden width

After each transformation, the activation h,, ; is another random vector.
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Zipf frequencies determine token covariance

For a one-hot token uy, with frequency vector p,

Cov(ut) = diag(p) — pp .
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For a one-hot token uy, with frequency vector p,
+

Cov(ur) = diag(p) — pp -

If Py > p(2) > - - -, rank-one interlacing gives

PGy = Aj(Cov(uT)) > p(jt1)-

For an embedding matrix E,

Cov(er) = ET (diag(p) — pp" )E.
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Zipf frequencies determine token covariance

For a one-hot token uy, with frequency vector p,

Cov(ur) = diag(p) — pp .

If Py > p(2) > - - -, rank-one interlacing gives

PGy = Aj(Cov(uT)) > p(jt1)-

For an embedding matrix E,

Cov(er) = E' (diag(p) — pp")E.
A wide random embedding sketches this covariance.

8/38



At initialization, frequency geometry survives the embedding

A wide random embedding shadows
the token-frequency spectrum

N = FineWeb-Edu frequency p(;
\\\ = random embedding covariance
S —— frequency fit: j=0-%°
-2
° 10
3
©
>
°
[}
N
©
£ 1073
=
s}
<
[}
o
©
.
=]
104

random width 4996

10° 10! 102 10°
rank

Held-out FineWeb-Edu tokens.
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Training introduces a second spectral regime

trace-normalized value

10-1 4

10-2 4

10—3 4

10744

10-54

Training reshapes the token-level covariance

—— frequency p(;

= random embedding
—— trained embedding
— = trained-tail fit: j=214

matched embedding width

10°

10t 102 10°
rank

= The trained head is reshaped
by semantic overlap between
token embeddings.
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Training introduces a second spectral regime

trace-normalized value

10-1 4

10-2 4

10—3 4

10744

10-54

Training reshapes the token-level covariance

—— frequency p(;

= random embedding
—— trained embedding
— = trained-tail fit: j=214

matched embedding width

10°

10t 102 10°
rank

= The trained head is reshaped
by semantic overlap between
token embeddings.

= Redundant directions produce
a sharper terminal cutoff.
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Training introduces a second spectral regime

trace-normalized value

10-1 4

10-2 4

10—3 4

10744

10-54

Training reshapes the token-level covariance

—— frequency p(;

= random embedding
—— trained embedding
— = trained-tail fit: j=214

matched embedding width

10°

10! 102 103
rank

The trained head is reshaped
by semantic overlap between
token embeddings.
Redundant directions produce
a sharper terminal cutoff.
The crossover is a genuine
two-power-law picture, not
one global slope.
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Training introduces a second spectral regime

= The trained head is reshaped
Training reshapes the token-level covariance by semantic overlap between

10-14 —— frequency p(; .
= random embedding tOken embeddlngs'
—— trained beddi . .
L. rainerttan i 224 = Redundant directions produce
5 1071 a sharper terminal cutoff.
>
3 = The crossover is a genuine
N
g 103 two-power-law picture, not
o
3 one global slope.
©
* 10744
matched embedding width 7$8
10_5_ T T T T
100 101 102 103
rank

Piecewise power laws give a tractable refinement of a single-exponent model. 10/38



Context covariance exposes token dependence

For a length-L window, let

CL = vec(e-,—l — M1,---,€T, — /,LL).
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Context covariance exposes token dependence

For a length-L window, let

CL = vec(e-,—l — M1,---,€T, — /,LL).

Then

My - T
2 context = . )

VSRR VY

Fab = El(er, — pa) @ (e1, — up)]-
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Context covariance exposes token dependence

For a length-L window, let

CL = vec(eTl — M1,---,€T, — /,LL).

Then

M1 -+ Ty

Zcontext =

VSRR VY

= [ ,,: token covariance at position a;

Fab = El(er, — pa) @ (e1, — up)]-
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Context covariance exposes token dependence

For a length-L window, let

CL = vec(eTl — M1,---,€T, — /,LL).
Then
My - T
Zcontext = e ’ rab = IE[(eTa - ,U'a) & (eTb - Mb)]-
e - T

= [ ,,: token covariance at position a;
= [, a # b: cross-position dependence;
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Context covariance exposes token dependence

For a length-L window, let

CL = vec(eTl — M1,---,€T, — /,LL).
Then
My - T
Zcontext = e ’ rab = IE[(eTa - ,ua) & (eTb - Mb)]-
e - T

= [ ,,: token covariance at position a;
= [, a # b: cross-position dependence;
= independent tokens would make every off-diagonal block vanish.
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Context spectra begin with a flatter phase

Random token embedding
3x1073

2x1073

1073 4

trace-normalized eigenvalue

= ordered contexts

=== cross-position blocks removed
6x107* shuffled-token check

== local ordered fit: j=043

10° 10t 102 103
rank
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Context spectra begin with a flatter phase

Random token embedding

3x1073
$2x10-3
©
>
c
9]
2
7]
o
9]
N
E 3
§ 1074
9]
<
9]
o
g = ordered contexts

7 B cross-position blocks removed
6x10 shuffled-token check
== local ordered fit; j=943

10° 10t 102 103
rank

The initial flat regime gives way to a distinctly different spectral tail.
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Training changes the context-spectrum crossover

7Trained token embedding

1073 4

trace-normalized eigenvalue

= ordered contexts

===+ cross-position blocks removed
shuffled-token check

== local ordered fit: j=°°1

10° 10t

rank
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Training changes the context-spectrum crossover

7Trained token embedding

1073 4

trace-normalized eigenvalue

= ordered contexts

===+ cross-position blocks removed
shuffled-token check

== local ordered fit: j=°°1

10° 10t 102
rank

The trained representation again shows more than one spectral regime.
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Caveat: eigenvalues do not determine the representation

For any orthogonal matrix @,

RXQ"

has exactly the same eigenvalues as ¥.
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Caveat: eigenvalues do not determine the representation

For any orthogonal matrix @,

Q@'
has exactly the same eigenvalues as ¥.

A permutation matrix is one special case.
The basis is essential

Eigenvectors identify which combinations of features carry the variance.

Permuting token positions can completely rearrange the block geometry while leaving
every eigenvalue unchanged.

14/38



The spectrum does not show this positional structure

context position
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o

Trained embedding: normalized block energy
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The spectrum does not show this positional structure

Trained embedding: normalized block energy

30 0.175
25 0.150

0.125
20

0.100

0.075
1

0.050
5

0.025
0 0.000

0 5 10 15 20 25 30

context position

context position
[
w

o

Permuting positions moves the diagonal band without changing the eigenvalues.
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The embedding begins with an extended power-law regime

After Embeddin
Eigenvalue Spectrum (Log-Log Scale)

*  Eigenvalues

e
10 S~ale o Fit range (indices 11 to 262)
e __ Power law fit: A = i"{-0.622}

Stee, ~ (R? = 0.9975)

Eigenvalue
s

Max: 1.17e+01
Mi

10° 10! 10 10°
Eigenvalue Index (sorted, descending)
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The embedding begins with an extended power-law

After Embeddin
Eigenvalue Spectrum (Log-Log Scale)

*  Eigenvalues
- e it range (indices 11 to 262)

T Power law fit: A « i~ {-0.622}
l FO 7 (R?=0.9975)

10°

Eigenvalue
s

1072
Max: 1.17e+01
Min: 1.15€-03
10-*4 |Mean: 1.40e-01

10° 10! 10 10°
Eigenvalue Index (sorted, descending)

After the embedding, the fitted spectral exponent is approximately 0.62.

regime
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The power-law regime survives the first MLP

Layer 0 Mid Mip
Eigenvalue Spectrum (Log-Log Scale)

+ * Eigenvalues
@ Fitrange (indices 11 to 1049)
10! _ _ Power law fit: A= i"{-0.745}
[ (R? = 0.9891)
10!
102

Eigenvalue
o
<

10

101

10 10% 10* 10°
Eigenvalue Index (sorted, descending)
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The power-law regime survives the first MLP

Layer 0 Mid Mip
Eigenvalue Spectrum (Log-Log Scale)
* Eigenvalues
@ Fitrange (indices 11 to 1049)

10! Power law fit: A « i~ {-0.745}
T . ~ 7 (R?=0.9891)

103

Eigenvalue
13

11| [Max 1190402
10711 | in: 3.72e-12 A
Mean: 1.61e-02

10% 10* 10°
Eigenvalue Index (sorted, descending)

10° 10

Inside layer O, the fitted spectral exponent is approximately 0.75.
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The same structure persists deep in the network

Layer 15 Mid Mip
Eigenvalue Spectrum (Log-Log Scale)

. * Eigenvalues
-\‘\ & Fitrange (indices 11 to 1049)
~_ _ _ Powerlaw fit: A = i~{-0.678}
~ (R? = 0.9999)
10°
3
= 107!
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Z
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2
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Max: 3.76e+00
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The same structure persists deep in the network

Layer 15 Mid Mip
Eigenvalue Spectrum (Log-Log Scale)

. * Eigenvalues
S s Fitrange (indices 11 to 1049)
~_ Power law fit: A = i~ {-0.678}
= =7 (R7=0.9999)
10°
1
s 107
z
Z
@
=3
2
10-
Vax: 3.76e+00
Min: 1.41e-03
Mean: 1.62e-02
10-*

10° 10t 107 10° 10t
Eigenvalue Index (sorted, descending)

Inside layer 15, the fitted spectral exponent is approximately 0.68.
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The final representation remains strongly anisotropic

Before Softmax
Eigenvalue Spectrum (Log-Log Scale)

* Eigenvalues
e Fit range (indices 11 to 262)

. Power law fit: A i~ {-0.683}
= (R?=0.9979)

Eigenvalue

10° 10! 10 10°
Eigenvalue Index (sorted, descending)
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The final representation remains strongly anisotropic

Before Softmax
Eigenvalue Spectrum (Log-Log Scale)

*  Eigenvalues
e Fit range (indices 11 to 262)

Power law fit: A = i~ {-0.683}
=7 (R =0.9979)

Eigenvalue

Max: 6.74e+01
Min: -5.62¢-10, 5
Mean: 5.64e-02

10° 10! 10 10°
Eigenvalue Index (sorted, descending)

Immediately before the softmax, the fitted spectral exponent is approximately 0.68.
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Theory: weak preservation




A linear statistic must survive nonlinear transformations

Covariance is a linear summary of the data, but a network repeatedly applies nonlinear
transformations.

20/38
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For the spectrum to remain useful inside a network, we want weak preservation:

N(E) =% = Aj(Znew) =J % x slowly varying factors.
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A linear statistic must survive nonlinear transformations

Covariance is a linear summary of the data, but a network repeatedly applies nonlinear

transformations.

For the spectrum to remain useful inside a network, we want weak preservation:
N(E) =% = Aj(Znew) =J % x slowly varying factors.

Constants, the eigenbasis, and logarithmic corrections may change while the polynomial

exponent survives.
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One-block stability can propagate through depth

For an MLP,

HO = x, 70 = (wO)T =), HO = £,(zO).
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One-block stability can propagate through depth

For an MLP,

HO = x, 70 = (wO)T =), HO = £,(zO).
The layer-£ activation covariance is ¥, = Cov(H).

The question is whether

)\j(Zg_l) Xj_a - )\j(Z() Xj_a.

A uniform one-block statement propagates through finite depth by induction. The hard
step is controlling one nonlinear transformation.

21/38



Random features isolate one nonlinear block

Freeze a Gaussian matrix W and study

h(X) = F(WTX).
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Random features isolate one nonlinear block

Freeze a Gaussian matrix W and study

h(X) = F(WTX).

The population second-moment matrix is

1
Krw = Ex gf(WTX)f(WTX)T .

Freezing W separates the representation question from the optimization of the final linear
readout.

Maloney, Roberts, and Sully used this setting to identify approximate spectral preservation

in a solvable scaling model (Maloney et al. 2022).
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The exponent survives monomial random features

Theorem: power-law preservation for monomial random features

Let X ~ N(0,X) with \j(¥X) =< j~*. Let W have independent Gaussian entries and let
f(y) = yP. Then, with high probability over W,
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The exponent survives monomial random features

Theorem: power-law preservation for monomial random features

Let X ~ N(0,X) with \j(¥X) =< j~*. Let W have independent Gaussian entries and let
f(y) = yP. Then, with high probability over W,

logP~(j + 1) \* _ d
N(Kew) = | —2 ) | 1<j<c—
J( f7W) ( J SJ=s Iogp—l—ld

P.—Ke Liang Xiao—Yizhe Zhu (2026): polynomial rate preserved; logarithmic correction
added.
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The phenomenon extends beyond the theorem

Median postactivation eigenvalue, 100 trials (a =1.31, v=d =10000, m=100000)

(a) Monomial activations (b) Non-monomial activations
100 100
S 107 5
© = 10!
g 107 c
2 10- S 10
[} " [}
10~
2 B 103
& 10-5 £
© ©
E 10-6 E 10~
2 107 2
10 10-5
1078
100 10t 102 103 104 10° 10t 102 103 104
Eigenvalue index j Eigenvalue index j
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The phenomenon extends beyond the theorem

Median postactivation eigenvalue, 100 trials (a =1.31, v=d =10000, m=100000)

(a) Monomial activations (b) Non-monomial activations
1004 - 100
S 107 5
© © 1077
g 107 c
2 10- S 10
[} " [}
10~
2 B 103
& 10-5 £
© ©
g 10-6 g 10~
2 107 2
10 10-5
1078
100 10! 102 103 104 10° 10t 102 103 104
Eigenvalue index j Eigenvalue index j

The theorem covers monomials. RelLU, tanh, and other activations show related behavior

numerically—but not every activation preserves the same tail.
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Preservation

also

appears beyond Gaussian inputs

Normalized eigenvalue

ed eigenvalue

Universality of Eigenvalue Spectra, a =1.31

d=3000, m= 30000

olz)=z oz) =2 o2)=2
107
g g
E 3
S 10 2
2 2
g §
2102 &
@ G
9 <
g Gaussion [
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Rademacher o Student-t(4) o
- Studenttia) £ ciaR-10 £
= gl :
10° 10* 107 10° 10° 10! 10? 10° 10° 10* 107 10°

Eigenvalue index j

Eigenvalue index j

Eigenvalue index j

o(z) =22~ 0(z) = ReLU(2) 0(z) = tanh(z)
1004 =,
o o )
E] E]
g S 10t t,
H z 2
& &
K B 107
- °
3 3
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Preservation

also

appears beyond Gaussian

Universality of Eigenvalue Spectra, a =1.31
d=3000, m= 30000

inputs

olz)=z olz)=2* o(z)=2*
[ 10°] ~. 100
250 g, g 3
10~
§ s &
o f- -
T o T 10 T 10
° ° °
] 3 - Gaussian ] - Gaussian
S| Gausn N 10-3] - Ragemacher N 10-] - Rademacher
2 10771 . Rademacher 2 - Studenttid) ] - Student-t4)
E - Studentaia) E |- amao E - aRR10
S 1o- ¢ S104 1 e s Y
10-0] - a0 j
= St = —— Theory = —— Theory
10° 10* 107 10° 10° 10 107 107 107 10* 107 10°
Eigenvalue index j Eigenvalue index j Eigenvalue index j
o(z) =22~ 0(z) = ReLU(2) 0(z) = tanh(z)
10° 100 ~_
9 9 9
E E] 2
3 10 S 10 2
H z g
& & &
@ 107 D 1077 D 107
o ° °
3 3 g
=102 Gaussian S 1072 Gaussian H107% - Goussian
F] Rademacher F-4  Rademacher -4 Rademacher
E Student(4) E - Studenttia) E |- suwdenaa)
S0 CIFAR10 S 107 . a0 S 10 IF
L e L
100 10" 10° 10° 101 10° 100 10! 10°

'3
Eigenvalue index j

g
Eigenvalue index j

13
Eigenvalue index j

Similar slopes across four input distributions suggest a broader universality phenomenon.
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Log corrections mimic new exponents

IogUikl))“.

For p = 2, the theorem gives Aj < (
J
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Iog(jj+ 1))0‘.

What exponent would a local log—log fit report?

alocal(j) = _dlo—g)\.j =« < = — J . ) o
dlogj (+1)log(j +1)

For p = 2, the theorem gives Aj < (

At j = 3,000

Opcal ~ 0.875«x

The measured slope is 12.5% flatter.
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Log corrections mimic new exponents

Iog(jj+ 1))0‘.

What exponent would a local log—log fit report?
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Log corrections mimic new exponents

Iog(jj+ 1))0‘.

What exponent would a local log—log fit report?

alocal(j) = _M =« < = — J . ) o
dlogj (+1)log(j +1)

For p = 2, the theorem gives Aj < (

At j = 3,000 To be within 5%

Qocal =~ 0.875a Qocal = 0.95a

The measured slope is 12.5% flatter. j2 e ~~4.9x108

At realistic widths, the logarithm behaves like a different effective exponent.
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The proof is a tensor covariance argument

1. Center the activation to isolate its highest Gaussian chaos.
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The proof is a tensor covariance argument

1. Center the activation to isolate its highest Gaussian chaos.
2. Lift into tensor space so the kernel becomes a Gram matrix.
3. Count tensor-product eigenvalues to obtain the logarithmic correction.

4. Estimate a covariance from finite width to transfer the population spectrum back
to the random-feature matrix.

For the quadratic activation, every step is already visible in the second Wiener chaos.
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Centering isolates the pure second chaos

Write W = [wy --- wy] € RY¥9, so w, € R for a € [d] := {1,...,d}. Set

ga=w, X,  q.=Ex[g?] =w, Zw,.
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Write W = [wy --- wy] € RY¥9, so w, € R for a € [d] := {1,...,d}. Set

ga=w, X,  qa=Ex[gl] =w, Tw,.
The centered quadratic feature is
: g§ = g32 — QGa.
If G=WTEZW and g = diag(G), then

raw

1 2 2
Kow = gqu +=G%2, Kshw® = = G2
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Centering isolates the pure second chaos

Write W = [wy --- wy] € RY¥9, so w, € R for a € [d] := {1,...,d}. Set

g=w, X, qs=Ex[gd=w, Zw,.

The centered quadratic feature is

: g.f = g32 — QGa.
If G=WTEZW and g = diag(G), then
1 2 2
raw _ — T < ~2 chaos _ < ~©2
Kow = 499 + dG ; Ko w dG .

The two matrices differ by one rank-one term; interlacing preserves the tail.
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Quadratic features live in symmetric tensor space

Let X = X1/2Z, where Z ~ N(0, 1,), and let h(Z) collect the orthonormal basis functions
(22 —1)/v/2 and Z,Z; for r < s. Then

.85 - = ($a, h(2)),
¢a = ((\[2)‘rWr2a)r7 (2 Ars WraWsa)r<s) .
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Quadratic features live in symmetric tensor space

Let X = X1/2Z, where Z ~ N(0, 1,), and let h(Z) collect the orthonormal basis functions

(22 —1)/v/2 and Z,Z; for r < s. Then

:gs = (¢a, h(Z)),

¢a = ((\[2)‘I’Wr2a)r7 (2 Ards WraWsa)r<s) .

Orthonormality gives Ex[: g2 :: g2 :] = (6.,
Thus, with ® = [y -+ ¢g] € RV(vTD/2xd

Pb)-
chaos 1 T
KZ,W — Hq) q)
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Tensor eigenvalues are pair products

The principal population eigenvalues in tensor space are

4D s, r <s.
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Tensor eigenvalues are pair products

The principal population eigenvalues in tensor space are

40, Xs, r <s.

If A, = r—%, then the number above ¢ is

Nog(e) = #{r <s:4\)Xs > ¢}
=#{r<s:rs < (4/8)1/0‘}.

Thus the spectral counting problem is a lattice-point problem under a hyperbola.
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The divisor count creates the logarithm

The divisor count gives

1
#{r<5:rs§R}~§RIogR.
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The divisor count creates the logarithm

The divisor count gives

1
#{r<s:rs§R}~§RIogR.

Hence j < Rlog R, so
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Width becomes sample size in tensor space

The nonzero eigenvalues of

1 T o . 1 d 1 T
g(b ¢ and Cehaos = E ;¢a & Qba = aq)q)

are identical.
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Width becomes sample size in tensor space

The nonzero eigenvalues of

1 T - 1 ¢ 1+
g(D ¢ and Cehaos = g az::l(ba ® ¢y = gq)q)
are identical.

The random-feature width d is the sample size in an empirical covariance-estimation
problem for tensor features.
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The proof starts with a head—tail split

Let Hy index the k largest distinct-pair scales 4\, ;. For each sample a € [d], define

Dy = diag(4>\r>\s)(r,s)EHka

k 1/2 il
a = (WraWsa)(r,s)eH, € RY, $a = Dk/ L.
(r,s)
head tail
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The proof starts with a head—tail split

Let Hy index the k largest distinct-pair scales 4\, ;. For each sample a € [d], define

Dy = diag(4>\r>\s)(r,s)€Hka

§a = (WraWsa)(r,s)er € Rkv ¢a = Dl/zfa @d)tall-
W—/
head ta|I

Head covariance: Ek = 1/2 ( Zéa ® £a> 1/2.

Concentration target: < 0.

1 d
‘d253®€a_lk
a=1

Head: preserve Dy multiplicatively.
Tail: control spectral leakage block by block.
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The tensor features are heavy-tailed

Coordinates of &, are products w,,ws,. For a unit vector u, Gaussian hypercontractivity gives

[{€a, )llee < (@ = DI My g=2.
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heavy-tailed random matrices (Jirak et al. 2026).
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The tensor features are heavy-tailed

Coordinates of &, are products w,,ws,. For a unit vector u, Gaussian hypercontractivity gives

[{€a, )llee < (@ = DI My g=2.

This is sub-exponential, not sub-Gaussian, growth.

Large individual tensor-feature vectors can dominate the ordinary empirical covariance, so the clean

d = k sub-Gaussian theorem does not apply. The concentration step uses bounds for sums of
heavy-tailed random matrices (Jirak et al. 2026).

For degree p, the current argument gives a sharp range

d d
k*XT, p:2 k*x73
log’™" d log” d
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Two logarithms come from different mechanisms

Structural

Iogj)o‘
/ J

Comes from counting pair products
rs < R.

It is already present in the population
tensor spectrum.
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Two logarithms come from different mechanisms

Structural Statistical

= (2 =
J log> d
Comes from counting pair products Comes from estimating a covariance with
rs < R. heavy-tailed tensor samples.
It is already present in the population It limits the current finite-width proof
tensor spectrum. range.
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Open problems

= ReLU and tanh. Can we prove sharp preservation beyond monomials?

36/38



Open problems

= ReLU and tanh. Can we prove sharp preservation beyond monomials?

= Remove k.. Can a finite-width theorem reach the full spectrum?

36/38



Open problems

= ReLU and tanh. Can we prove sharp preservation beyond monomials?
= Remove k.. Can a finite-width theorem reach the full spectrum?

= Other models. Where else does the same mechanism appear?

36/38



Open problems

= ReLU and tanh. Can we prove sharp preservation beyond monomials?
= Remove k.. Can a finite-width theorem reach the full spectrum?

= Other models. Where else does the same mechanism appear?

Residual connections. What spectral structure do skip connections preserve?

36/38



Open problems

= ReLU and tanh. Can we prove sharp preservation beyond monomials?

= Remove k.. Can a finite-width theorem reach the full spectrum?

= Other models. Where else does the same mechanism appear?

= Residual connections. What spectral structure do skip connections preserve?

= Sequences and attention. If dependence decays along the sequence, what structure
survives attention and depth?

36/38
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The spectrum is a useful first coordinate system

5.

. Covariance eigenvalues quantify effective dimension.

. The spectrum is not the whole story: eigenvectors encode important structural

information about the data.
Real spectra can cross over between several power-law regimes.

Random monomial features preserve the polynomial exponent, up to a structural
logarithmic correction.

Finite width turns the proof into heavy-tailed covariance estimation.

In Module 2, we will explore how spectra affect learning curves.

We will introduce how this spectral structure can affect scaling laws.
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