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1 Background

In this section, we collect various probability and linear algebra back-
ground which will be helpful for working with all of the theory here.

1.1 Tensors and calculus

We suppose that V; for j = 1,2, 3 are some finite-dimensional Hilbert
spaces. Recall that as a vector space V| ® V; is all (finite) linear com-
binations of simple tensors, i.e., those of the form a @ b where a € V;
and b € V;. This becomes an algebra, allowing scalars to commute,
ie,force R

c(a®b) = (ca) @b =a® (cb),

and by allowing ® to distribute over addition,

(a+b)R@c=(a®c)+(b®c) and a®(b+c)=(@®Db)+ (a®c).
(1)
In what follows, we will need to contract along various tensors.
To facilitate this, we introduce a generalization of the inner product.
Each V; and V; carries with it an inner product which we denote by
(-, )y, and (-, -)y, respectively. This induces a natural inner produce
on V; ® Vs, which for simple tensors is defined by

(a®@b,c@d)y,ep, = (a,c)y (b, d)y,. (2)

This is extended to the full space V; ® V, by bilinearity.

This, for example, can be connected to the Frobenius inner prod-
uct. If we represent an element A € V; ® V; in the orthonormal basis
{ei® fi} as

A= ZAijei ®f]‘/ (3)
]
then we have the identification
<A/B>V1®V2 = ZAijBij = TI'(ABT).
ij
This gives a convenient representation for quadratic forms as well:
(A, X @ X)Rigrd = Tr(AxxT) = xT Ax. (4)
Higher tensor powers. For higher tensor powers, the dot products
written above extend naturally to
Vi@V, ® Vs (5)
Namely for a;,b; € V; fori =1,2,3,
(a1 ® ap ® a3, by @by ® b3>V1®V2®V3 = (ay, by){ag, by){as, bs).

This is once more extended by multi-linearity, and we further extend
it to higher tensor powers.
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Partial contractions. For tensors it is also helpful to consider con-
tractions over partial directions. Once more, for simple tensors,
ti=(a;@b;)) e Vi@V, fori=1,2,

<t1/t2>V1 = <a1,a2>yl (bl ® bz) S V2®2 6)

This is also extended as a bilinear map (V; ® V,)®? — V5. This
extends to higher tensor powers analogously, and also to the more
general situation of products of V) ® V, with V; ® V3 as a bilinear

mapping:
(v s (MNe@)@(Vi1@Vs) = Ve Vs @)

by the formula for simple tensors in (6). This includes the case where
one of V, or V3 may be 1-dimensional.

We shall reserve the notation (-, -) for the complete contraction be-
tween two tensors, in whichever space they reside, and we shall add
the subscript whenever a partial contraction is needed. We note that
having done the partial contraction, it may be helpful to complete the
contraction to a full contraction. This is performed by the trace opera-
tion, which on the Hilbert space V ® V, is defined for simple tensors
by

Tr(v @ w) = (v, w)y, (8)
and which extends to all V ® V by linearity. In the context of (6), we
can then write

Tr((t1, t2)y,) = (a1, a2)y, (b1, b2)y, = (t1, t2),

which by linearity therefore identifies Tr((-,-)y, ) as the full contrac-
tion.

Norms. Recall that for a matrix A, there are three traditional matrix

norms, beginning with the Frobenius (or Hilbert-Schmidt) norm || - ||,
operator norm || - || and trace norm || - ||«
xtA
41l = Te(a7), 4l = sup AT Al = sup T8 )
Xy#0 [yl |1B|lo=1

These generalize to 2-tensors and higher tensors in an analgous fash-
ion. For 2-tensors A € V; ® V;,, the induced norm on the Hilbert
space generalizes the Hilbert-Schmidt norm, through

IAI? = (A, A)yyev,.

More generally, for higher tensor products, the induced Hilbert space
is the natural generalization. Note that by Cauchy-Schwarz this also
admits a variational representation

|All =" sup (A,B).
B/|B|=1

Lecture Notes | 5
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As for the operator norm, we take the above definition which
defined the operator norm as supremum over simple unit tensors.
We will call these the o-norm and denote it by || - ||o. This norm
is also commonly known as the injective tensor norm. Explicitly, if
P EVI®V,®...R YV, then we define its c-norm by

|Allo = sup (A1 Q@12 ®...Qk),
lyilly,=1
=12,k
where 11 ® 2 ® ... QY € V1 ® V2 ® ... ® Vg is a simple tensor. Note
the norm

1 @2 @ ... @ull* = (yy1) (o, v2) - (Wi ve) =1,

and hence we have by the variational representation || A/, < || A]|.
Finally for the nuclear norm, we just generalize it as the dual norm
of the injective norm, setting

|All. = sup (A,B).
BrHBHzle

Using the variational representations we observe

[Alle < [[A]l < A ©)

Calculus for tensors. The functions given above are compositions
of smooth functions f with linear functions, and we would like to
perform many Taylor approximations of these functions. We recall
briefly how differential calculus works here and connect it with the
tensor notation above.

For a (smooth) function f : V; — V; on (finite dimensional)
Hilbert spaces V1, V;, its (Fréchet) derivative Df can be identified as
a mapping from V; — L(V,V>), the space of linear operators from
Vi — V; so that for all x,h € V;

tin L =)y ).

L0 t

The space L£(V1,V,) can be represented as elements of the tensor
product V, ® Vi, by picking an orthonormal basis {e;} for V; and
then identifying

(Df)(x) ¢ (D) (x)[e]] @ e,
]
which is (in effect) its Jacobian matrix representation. This proce-

dure can now be iterated, as Df is a mapping between V; and a new
vector space L(V1, V2) = V> ® V4, and hence

D2f : Vi — LV, LV, W) 2V 0V @ V).
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In the case that the output of f is 1-dimensional (so that V, = R)

we may furthermore identify the second derivative (D?f)(x) with an
element of V; ® V;. A parallel approach identifies the third derivative
as

D3f VL= LV, LV, LV, 2))) 2V ® Vi@?ﬁ

In this way, we have that
Dff - Vi = v e Pk,

Similarly, when V, = R, we can identify V, ® Vfg = Vf@k.

Chain rule with tensors. The class of statistics (and losses) we con-
sider are compositions of smooth maps. In this section, we show how
one can use the tensor notation to simplify the chain rule for higher
order derivatives. Supposing one has two smooth maps f, ¢ with

f V1 = Voand g : Vo — V3, the chain rule states that g o f is

a smooth map from V; — V3 and its derivative is a map from V; to
L(V1,V3). Moreover it’s derivative is given by

D(go f)(x)[h] = (Dg)(f(x)) [(Df) (x)[A]].

If we represent these as tensors, then (Dg)(f(x)) is in V3 ® V, and
(Df)(x) is in V, ® V4, and hence we can as well represent the chain
rule by

D(go f)(x) = (D) (f(x)), (D) (x))y, € Vs © W1, (10)

showing along which axis the contraction is taken. We note the or-
dering is important here. The input space is always taken to be on
the right.

Applying this in the case of a directional derivative, suppose we
take a smooth function ¢ : ¥V — IR. Then for any fixed x,A € V,
the map ¢ : t — ¢(x+ tA) is a smooth function of R, and we may
compute its Taylor approximation. In particular, we are interested
in approximating ¢(x + A) or equivalently ¢(1). If we approximate
@(x + A) by the third order Taylor expansion at x with remainder, we
have

p(x+8) = (1) = $(0) +/(0) + 1" (0) + 5 / -2 at

Applying the chain rule, if we set x(t) = x + tA, then (Dx)(t) is
constant and equal to A. Therefore, we deduce that

¥'(0) = ((Dg)(x),A),

¥"(0) = ((D*g)(x), A%?),

YO () = (D) (x(t)), A™3).
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To derive this, in particular, the 2nd and 3rd derivatives, we used
linearity to conclude

y"(t) = D(((Dg) (x(t)), A)y)

(D((Dg)(x(£))), A)y
{(D?p)(x(1)), > Ay
(D?@)(x(t), A%)vey.
We note that in the second line, there is in principle an ambiguity

((D?*¢)(x(t)),A)y, in that (D?¢)(x(t)) is an element of V ® V. How-
ever, as the second derivative is symmetric (as ¢ is smooth and so

mixed partials can be interchanged), contraction along either axis
works. We summarize with the following generic directional deriva-
tive expansion for scalar C3-smooth functions ¢ : V — R

p(x+A4) = ¢(x) + ((Dg)(x),A)
<( )( ) A®2> (11)

+ % /01<1 —P2((D3) (x + tA), A% dt.

1.2 Resolvents

Resolvents are a powerful tool for the manipulation of high-
dimensional matrices and for doing random matrix theory.

For a matrix A € M(n, n), its resolvent
R(z; A) is the matrix valued function z — (A — zId,)~!, de-
fined on the subset of the complex plane where C \ Spec(A). We use Spec(A) to denote the set of
We will usually abbreviate this by writing (A —z)~. eigenvalues of A and Idy to denote the
n x n identity matrix.
The resolvent is a well-behaved complex function, in the following
sense:

A function f : C — CU{oo0} is
meromorphic if it is analytic except at isolated points where
(at A) it has a pole, i.e., it diverges no faster than |z — A|* as
z — A for some k € IN.

{p(z)/q(z) € C(z)} for polynomials p and g are meromor-
phic functions.

This extends to matrices by asking that each entry has this prop-
erty:
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A matrix valued
function is meromorphic if every entry is meromorphic.

Theorem 1: Resolvents are meromorphic

Let A € M(n,n). Then R(z; A) is a meromorphic function,
and its poles are precisely Spec(A).

Let A = SJS7! be a Jordan decomposition of A, so that |
has a block diagonal representation as | = diag(J1, J2,- -+ ), (Ji's are
Jordan blocks). Now (] — z) is again block diagonal, and observing
(A-z)'=8(z-])"'s!

R(z 1) 0
R(z;A) =S 0 |R(z]) |-+ | s
0 0 ‘

Thus it suffices to evaluate the resolvent of a single Jordan block
and to show it has a pole precisely at the eigenvalue of the block.
Suppose ] is a Jordan block

A1 - 0

0 A - 0

] - . . .

0 0 --- A

Then by an explicit computation, we can verify
y y2 e yn_l
O y P yn72
h—2)t=|. = ,where y = (A —z) L.

Corollary 1 (Diagonalizble case): A matrix A € M(n,n) is di-
agonalizable (i.e., comprised of all size 1 Jordan blocks) if and
only if R(z; A) only has simple poles (the largest inverse power
of A — z that appears is 1). Moreover, if we let {A;} be the
eigenvalues of A and {(u;,v;)} be corresponding left and right
eigenvectors normalized so that (u;,v;) =1

(12)

Rz A) =Y Y
Z" =
=1 )\] =7

If we furthermore have that A is symmetric, we have the following
elementary estimate:

Lecture Notes | 9
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Corollary 2 (Resolvent-norm): If A € M(#n,n) is symmetric, then
it terms of orthonormal eigenvectors u; and eigenvalues A;

"
REA) =) L. (13)

Moreover, we have the operator norm estimate

1 1
< .
(z,Spec(A)) ~— |Sz|

; <
IRz Ao < 5

Equation (13) is (12) in the case that A is unitarily diagonal-
izable, and so has v; = u;. In the {u;}-basis (which is an orthonor-
mal change of basis), the resolvent is therefore diagonal, and so its
spectral norm is given by its largest entry in modulus. As all these
eigenvalues are real, this gives the second estimate. O

1.3 Perturbation Formulas

Theorem 2: Perturbation formulas

For A,B € M(n,n) and y,z € C, we have
1. R(z;A) —R(y; A) = (z—y)R(z, A)R(y; A),

2. R(z;A) — R(z;B) = R(z; A)(B — A)R(z; B).

It suffices to establish the equations at points z where both A
and B are invertible. Then for the first equality, multiply (A — z) and
(A —y) on left and right, respectively, on both sides. O

Using the theorem above, if A = B + E for E sufficiently small,

R(z; B+ E) = R(z;B) — R(z; B+ E)ER(z; B)
= R(z;B) — R(2; B)ER(z;B) + R(z; B)ER(z; B)ER(z;B) + - - - .

This can stop at a finite point, or if the spectral radius of ER(z; B) <
1, we can develop it as a convergent series. Similarly, for z sufficiently
close to y,

R(z:A) =R(y;A) + (2= y)R(y; A + (2 = y)*R(y; A + -+
As a corollary, we have all derivatives in the resolvent:

Corollary 3 (Resolvent Derivatives): The derivatives of the resol-

Lecture Notes | 10
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vent are given by, for any k € IN and at all z € C \ Spec(A)

d*R(z; A) K
——2 = kIR(z; A)FL

In the special case that A and B differ by a low-rank matrix, there
is another formula which can be more fruitful:

Corollary 4 (Woodbury identity): For U,V € M(n,k) and C €
M(k, k) which is invertible

R(z; A+ UCVT) = R(z; A)
— R(z; A)U(C™' + UR(z; A)VT)"IVTIR(z A),
for all z for which (C~! + UR(z; A)VT)~! exists. In particular,

when k = 1 and without loss of generality when C = 1, we
have

(z; AYUVTR(z; A)

R
R(zA+UVT) —R(z A) = T UR(Z AT

1.4 Spectral mapping

Theorem 3: The Residue Formula

If U C C is a connected, simply connected open set, f :
U — C is meromorphic, and v is a smooth chain in U dis-
joint from the poles of f, we have

1
o jif(z)dz = pozegeuRes(f;/\) Ind(y; M), (14)

where

o Res(f;z) =r_q if f(z) = Ykez rx(z — A)F is a series
converging in a sufficiently small neighborhood of A, and

e Ind(7;A) is the number of times ¢ winds counterclockwise
around A.

Iff:U— Cis
analytic and U O Spec(A), then for smooth simple 7 enclosing
Spec(A) with index 1,

F(4) = 7 § F@R(z A)dz (15)

Lecture Notes | 11

A chain is a sum of curves. Integration
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integrals overa 1l the cuves in the chain.
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The main point of this definition is that it recovers composition.

Theorem 4: Holomorphic functional calculus

If U D Spec(A) and given analytic functions f : U — C and
g: U — U, we have f(g(A)) = (fog)(A).

Example 2: Exponentials

If f is entire and f(z) = Yo a.z¥, then we could also define
flA) = 2 apA¥. This coincides with (14). Now we also
have

> AR 1
exp(A) = k;) = ﬁ ¢“R(z; A)dz.

Conversely, if # Spec(A) > 0, log A = 2_7111 fw log(z)R(z; A)dz
where we take logz the principal branch. Moreover,
log(exp(A)) = A.

.

Finally we note that for symmetric A, we can give a simple spec-
tral representation.

Definition 5 (Symmetric spectral mapping): If A € M(n,n) is sym-
metric and f is a real-valued function defined in a neighbor-
hood of Spec(A) then in terms of orthonormal eigenvectors u;
and eigenvalues A;

F(A) =Y f(Apuu]. (16)

This agrees with the holmorphic functional calculus when f is
analytic in a neighborhood Spec(A) using Corollary 2.
1.5 Martingales and concentration

(Discrete time) Martingales are processes satisfying the two following
properties:

Definition 6 (Martingale): A Martingale (M, : n > 0) adapated
to a filtration (%, : n > 0) is a real-valued stochastic process
satisfying:

1. [E|M,| < oo for all n > 0.
2. IE(MH+1 | 9}1) = Mn.

On replacing the second equality by > we get a submartingale
and likewise < leads to a supermartingale.

Lecture Notes | 12
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Martingales are essential tools for the analysis of stochastic pro-
cesses. They generally allow the analysis of many different processes.
A typical application of martingales is the following:

Lemma 1 (Doob Maximal inequality): For any non-negative sub-
martingale (M, : n > 0) and any 4 > 0 and all n > 1

EM
Pr( max My >a) < =
0<k<n a

Submartingales can be manufactured from martingales by apply-
ing a convex function:

Exercise 1 (convex): Suppose that ¢ : R — IR is convex and that
(M, : n > 0) is a martingale. Show that if (¢$(M,) : n > 0)
has finite expectation, then it is a submartingale. If further ¢
is nondecreasing, then the same holds if (M, : n > 0) is a

submartingale

Martingales moreover can be manufactured from other process by
taking their Doob decomposition.

A stochastic process (X, : n > 0) is
predictable if Xy is deterministic and X, is .#,_1—measurable for
all n € N.

(Note)*
Using this, any adapted process can be decomposed into a martin-
gale and predictable part.

Theorem 5: Doob decomposition

Any real-valued process (X, : n > 0) having E|X,| < co for
all n and adapted to a filtration (.%#, : n > 0) can be uniquely
decomposed as X, = M, + A, where My =0, (M, : n > 0) is
a martingale and (A, : n > 0) is predictable. Moreover

n
Ay =EXo+ ) E(X;— Xj_1 | Fj_1).
j=1

The process (A, : n > 0) is called the compensator of (X, : n >
0).

The bracket process is an important is an important special case. 2
Define

Lecture Notes | 13

* This implies adaptedness, but more-
over, it means that at the n-th step, you
could have determined the process
available in the (n — 1)-st.

2 This is going to intuitively represent
the accumulated ammount of “ran-
domess” of a martingale. This measure
can be skeweed to be larger than in
some sense it should be if the second
moments of increments of the martin-
gale barely exist (or do not exist at all!)
in which case this is not really useful.
So it is almost always appears paired
with the condition that [M; — M; 1| <1
almost surely, which is more helpful.
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For a martingale (M, : n > 0), the
bracket process [M,,] is the compensator of M2, i.e.

n
[My] = EM§ + ) E(M; — M7 ; | Zj_1)
j=1
n
= EMj; + ) E((M; — Mj_1)* | Zj_1).

j=1

One of the simplest criteria for convergence of a stochastic process
can be given in terms of this bracket process.

Theorem 6: Bracket process & convergence

Suppose that (M, : n > 0) is a martingale. By monotonicity,
[M]oo = lim,_0[M], exists almost surely (but may be infi-
nite). On the event [M]e < 00, My, ;—Soo> Moo, which exists

and is finite almost surely.

1.6  Subgaussian Martingale concentration

When the increments of a martingale are sufficiently bounded, it is
possible to make much stronger estimates of the maximum value of a
martingale, and this leads to some of the most important applications
of martingales: tail bounds for random variables.

A centered random variable X is V-

subgaussian if
If the random variable is not centered,

AX A2V /2 there are competing definitions of
L = e o elll 2t € L5 what V-subgaussian should mean. The
clearest alternative definition would be

This also leads to a definition of a norm which is convenient for an estimate of its {,—norm defined in
. . Definition 10.
quick tail bounds.

For any p > 1 and any real-valued
random variable X, define the 1,~Orlicz norm

||X||¢p =inf{t > 0: Eexp(|X|P/tF) < 2}.

This connects to the previous definition through the following
estimate:

Lemma 2 (Orlicz characterization of Subgaussian): There are abso-
lute constants C; and C, so that:
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1. If a centered random variable X is V-subgaussian, then

IXlly, < C1VV.

2. Conversely, if X is centered and || X[y, < co then X is
G| X ||12/,2 subgaussian.

Besides the subgaussian case, this has another extremely important
special case:

A random variable X is V-
subexponential if
1Xlly, < V.

See [Ver18, Chapter 2] for an elaboration on various equivalent for-
mulations of subgaussian and subexponential processes.

For a martingale, we can define an upgraded bracket process,
replaces a sum of conditional variances by the sum of conditional
subgaussian increments.

A martingale (M, : n > 0)
is (V};)—conditionally subgaussian for an adapted process (V;, :
n>1)ifforalln >1and all A € R

]E[e)‘(M"_M”—l) | Z,1] < MV as.

Define the subgaussian bracket [M,] as the smallest, non-
negative, non-decreasing adapted process so that (M, : n > 0)
is conditionally subgaussian with process ([M;] — [M,_1] : n >
1).

Say that a martingale (M,)N

11 is subgaussian if [My] < c0a.s.

This leads immediately to a tail bound for a martingale which
enjoys this conditional subgaussian property.

Theorem 7: Subgaussian Azuma

Suppose that (M, : n > 0) that is a subgaussian with martin-
gale. Then for any n,¢,5 > 0,

i’2
Pr({oilgn(Mk — M) >t} N {[M,] < S}) < exp <_E>

By subtracting My from the martingale, we may assume M) is

Lecture Notes | 15
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0. Define a new process, for any A € R,
En = exp(AM,, — A2 [M]/2).

Then by the conditional subgaussian assumption (€, : n > 0)
is a supermartingale. Let T be the first time k that M > t or that
[M] > S. Then by optional stopping, for A > 0

1> E(ETAn)
On the event {T < n} N {[M,] < S}, we have
Ernn > exp(At — A2[M7]/2) > exp(At — A2S/2).

Thus
1> Pr({T < n} N {[Ma] < S})exp(At — A%S/2).

Rearranging we have shown that for any A > 0,

Pr({ sup My > 1} N {IMy] < S}) < exp(—At +A25/2).
0<k<n

Optimzing over A > 0, we select A = t/S which shows the bound.

A simple special case is for increments that are bounded.

Lemma 3 (Bounded implies subgaussian): Suppose that X is
mean 0 and X € (a,b) for a,b € R. Then

Eexp(AX) < exp((b —a)*A?/8).

Or simply, X is (b — a)?/4-subgaussian.

Suppose without loss of generality that b < a. We can repre-
sent X as a convex combination, by

X — b—X

a
X_bb—a +ab—a

Then by convexity for all A € R

Eexp(AX) <E (exp(/\b)é{__; + exp(Aa) l;__f)

Using that X has mean 0,

Eexp(AX) < exp(/\b)% + exp()\a)b 3 - = f(A).

Taking the log-derivative

d _ —abexp(Ab) +abexp(Aa)
d—Alogf(A) ~ —aexp(Ab) +bexp(Aa)

Lecture Notes | 16
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With courage, we take another derivative, and then bound it above by
(b — a)?/4, uniformly in A € R. Then, integrating twice,

2 —a 2
log f(1) < & L=

As a corollary, we derive the classical Azuma inequalities.

Corollary 5 (Azuma): Suppose that (M, : n > 0) is a martingale
and (A, : n > 1) is a predictable process such that for all 1 <
k<mn, |My — My_q1| < Ay, then for all t > 0

0<k<n

n t2
Pr({ max (M — Mp) >t} N {;Ak < A}) < exp(2A>.

If Aj are in fact deterministic, then we derive the convential
Azuma inequality

£
— > < _ ).
Pr(orggn(Mk Mp) >t) < exp( Y i)

1.7 Subexponential Martingale concentration

Martingales whose increments are only subexponential still retain

a strong tail bound which is not quite Gaussian, but is generally
Gaussian on a large enough range to recover most of what one needs
from such a tail bound. The following is an adaptation of Bernstein’s
inequality to the martingale case (c.f. [Ver18, Theorem 2.8.1], where
the nonmartingale bound is proven. The adaptation to the martingale
case is a small extension):

Lemma 4 (Martingale Bernstein inequality): If (Mn){\] is a martin-
gale on the filtered probability space (Q, (%)Y, Pr)) and we
define

Oy = Hinf{t >0:E (e‘M"*M”—l‘/qﬂ\nq) < Z}HL“’(Pr) , (17)

then there is an absolute constant C > 0 so that, for all t > 0,

t 12
Pr| su M, — Myl >t| <2ex —min{ ——, ;
<1gn§N' ' °'—>— P( {cncr||oo C|a||%}>
(18)

where the norms ||c||, are the ¢7 vector norms of (¢ : 1 < n <
N).

Lecture Notes | 17
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Another, related inequality is Freedman'’s inequality, which trades
stronger a priori control on the increments for simple control on the
bracket.

Lemma 5 (Freedman inequality): Suppose (My)Y is a martingale
on the filtered probability space (0, (%)Y, Pr)) and suppose
its increments are all bounded by 1 almost surely Then there is
an absolute constant C > 0 so that, for all S,t > 0,

Pr ({ sup |M, — M| > t} N{[Mn] < S})

1<n<N

[t £
< 2exp ( —min c'Cs .

(19)

Lecture Notes | 18
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1.8 Itd calculus

We will use simple multivariable Itd calculus for continous semi-
martingales. An introduction to this type of theory can be found, for
example in [Oks13] or in [KSg1]. We will not attempt to develop this
theory entirely here, but in this text we will use the simplest theory
of (strong) solutions of stochastic differential equations. Furthermore,
we shall show how this interacts with the tensor formalism intro-
duced earlier.

Recall that:

A Brownian motion (B; : t >
0) is a continuous function (almost surely) with the poperty
that By = 0 and for any finite collection 0 = ty < t; < tp <
-+« <ty the collection (Bt]. =By, :1< j < k) are indepedent,
mean 0, Gaussian and have variances (|t; —t; 1| : 1 < j <
k). A standard d-dimensional Brownian motion is a vector of
independent Brownian motions.

We suppose that (Q), (% : t > 0),Pr) is a filtered probability space
with a d-dimensional Brownian motion (B; : £ > 0) so that B; is %
measurable for all ¢+ > 0 (i.e. it is adapted). The filtration we take to be right-

In continuous time, we again define continuous martingales: continuous.

A continuous martingale
(M; : t > 0) adapated to filtration (% : t > 0) is a real-valued
stochastic process satisfying:

1. [E|M;| < oo for all t > 0.
2. E(M; | %)= M; forallt>s>0

Replacing the second equality by > we get a submartingale
and likewise < leads to a supermartingale.

Continuous martingales and stochastic processes are slightly in-
complete in that it is helpful to enlarge this class slightly. So we de-
fine:

A local martingale (X; : t > 0) is
a continuous adapted process to (% : t > 0) with the property
that there is a sequence of stopping times Ty with Ty ka—s> o0
—00

and so that the stopped process XtT = X1, are martingales.
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Definition 16 (116 integral): For an adapted continuous process
V in the space of matrices M(p,d) having ||V||, bounded by 1
almost surely, the It6 integral can be given by the in-probability
limit
t k
| VedBe = Pr- lim L Vi (By = Bi),

where the maximal spacing in the mesh 0 = t) < ) < fp <
-+« <t =t tends to 0 with k.

This can be seen to be independent of the choice of mesh and be
subsequently extended to unbounded integrands V by approxima-
tion by bounded ones.

Definition 17 (It6 process): An It0 process (X; : ¢+ > 0) in R° is
one for which we can represent

t t
thxo+/ usds-i-/ V. dB.,
0 0

with the latter integral given by the It6 integral and where u
and V are continuous adapted processes satisfying that almost
surely, for each t > 0,

t
[ sl + 121 ds < oo

This is often represented in differential form by
dX; = u;dt + V; dBs.

An It6 process is finite variation if and only if V; = 0.

A key result connects It6 processes and martingales

Theorem 8: Martingale representation

An Itd process is local martingale if and only if u; = 0. If fur-
thermore E|X;| < oo forall t > 0 then it is a martingale.
Conversely, if a martingale (M;) adapted to (.%;) satisfies
E|M;|? < oo for any ¢, then it is an Itd process.

For Itd processes, we have It6’s formula.

Theorem 9: It6’s formula

Suppose ¢ : R x RY — R is C? and suppose that (X; : t > 0)
is an It6 process. Then g(t, X;) is again an Itd process and

Lecture Notes | 20
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moreover

dg(t, Xe) = (g (t, Xs) + (Vag(t, Xe), ur) + 3(V2g(t, X1), Vi) dt
+ <ng(f,Xt), Vi dBt>

For a continuous-time local martingale, (My : t > 0),inR, we
define its bracket process by:

The bracket process [M]; is the
unique finite variation process with [M]y = 0 so that M? — [M];
is a local martingale. If dM; = V; dB; then

d[M]; = |Vi|2dt.
The bracket process gives a quick way to produce tail bounds for
local martingales.

Exercise 2 (Exponential martingale): Use 1t6’s formula (applied
to X; = (M;, [M];)) to show that exp(M; — [M];) is a local
martingale.

Lemma 6 (Concentration for Brownian martingales): Suppose that
(M; : t > 0) is a local martingale. For any T,S,x > 0

2
Pr({oréltang(Mt — M) > x}n{[M]r <S}) < exp(—25>.

By subtracting My from M we may assume My = 0. Using
that Y; = exp(AM; — )‘72 [M]}) is a local martingale, there are stop-
ping times Ty so that YtTk are martingales. Let ¢ = min{t : [M]; >
S or [M;| > x}. As YT¥\? is a continuous martingale,

E[Y;°] = E[Y,*""] = 1.
By Fatou’s Lemma, we may take k — oo and conclude
E[Y{] < liminf E[Y;*""] = 1.
On the event {[M]r < S} N {maxg<;<7 M¢ > x} we have for A > 0
Y > exp(Ax — A725)
Hence

Pr({{M]r < S} N {OrgtangMt > x}) < exp(—Ax + &°5).
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Note that this is precisely the analogue
of the Discrete Freedman'’s inequality
Lemma 5.
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Setting A= x/S gives

A2
Pr({[Mlr < 5} 0 {max My > x}) < e /25,
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2 SGD and optimization theory

SGD (stochastic gradient descent) 3 has raised to prominence as a
multipurpose, simple algorithm for the optimization of many ran-
dom functions. There are probably lots of reasons for its success, first
and foremost being that it is a gradient-based algorithm; gradients,
especially in high-dimensions are hugely important in that the opti-
mal search directions tend to evade any fixed choices. 4 Another rea-
son for its success, or more precisely the success of a larger umbrella
of stochastic gradient methods, is that the algorithm is quite exten-
sible: minibatch SGD, momentum SGD [Sut+13], Adagrad [DHS11],
RMSProp [HSS12], and most prominently Adam [KB14] all extend
SGD by fusing it with other optimization techniques. This list covers
the lion’s share of optimization algorithms used for machine learning
as of today.

To introduce SGD, we will consider the finite-sum framework. This
is an example of a structure> we impose on the objective function f to
be optimized.

An optimization problem is finite sum
if its objective function f can be given by

n

min{f(x)} where f(x):= % Y filx) xeRY (20

x€R4 i=1

The parameter d represents the dimensionality of the parameter
space, and n represents the number of functions.

In the typical empirical risk minimization framework (discussed below),

the n would represent the cardinality of the training data-set and
each f; would represent the risk associated to the i-th datapoint.

We shall also assume that the functions f; have amount of smooth-
ness. For exploiting any form of gradient method, we need to have a
derivative. Further, this derivative almost always needs some amount
of tameness.

The objective function f :
RY — TR has Lipchitz gradients with constant L if Vf exists
and

IVf(x) = Vi)l < Lllx -yl

for all x,y € R?. For the finite sum problem, we say its sum-
mands have Lipschitz gradients if there is a constant L such
that for all x,y € RY

IVfi(x) = VA < Llx -yl
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3 It has been argued that the “descent”
should be dropped from the name of
this algorithm, owing to the fact that
the algorithm need not always descend
(and hence does not fit into the larger
class of descent algorithms [BCN18a].

4+One may wonder about why does
one only use gradients? Higher-order
optimization that takes advantage of
Hessian information can be faster,
but the computational costs of even
computing the Hessian (or of approx-
imating it) grow with dimension. See
the discussion in [Bot1o].

5 Structure, in the context of optimiza-
tion theory, is the set of assumptions
one puts on the objective function f
which allows it to be meaningfully
manipulated or optimized. Standard
examples include convexity or smooth-
ness.
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Exercise 3 (Quadratic Upper Bound): Suppose that f has Lips-
chitz gradients. Show that for any x,y € RY

fy) < f) +(Vf(x)y —2) + 5lly — x|

b}i setting g(t) = f(x +t(y — x)) and using f(y) — f(x) =
Jo &'(t)dt.

Remark 1 (A little less smooth): A sufficient condition for Lips-
chitz gradients is that f is twice differentiable with a second-
derivative matrix (Hessian matrix) bounded in norm. While
Lipschitz gradients is a little weaker than this, it is not by
much. A weaker structure which is common is just that f it-
self is Lipschitz or even a-pseudo-Lipschitz, meaning

[f(x) = fF()] < Lllx =yl (04 x| + [y [|)-

A final very common structure to consider is convexity. Convexity
makes lots of problems simpler to analyze. So when one has convex-
ity, it is a shame not to use it. However, in contrast to smoothness
assumptions (which are essentially necessary, in some form, to being
able to run SGD), convexity is not necessary.

The objective function f : RY —
R is strongly convex with constant y > 0 if for any x,y € RY

f) 2 f(x) +{Vf(x),y —x) + blly — x||*

If this holds with 4 = 0, then the function is convex. If one
has the above with y = 0 but with a strict inequality, then the
function is strictly convex.

Exercise 4 (Function value growth): Suppose that f is contin-
uously differentiable and x* is a stationary point of f, i.e.
Vf(x) = 0. Show that if f is strongly convex then x* is a global
minimizer, and moreover for all x

F) = f(x*) = Bllx— 2™

Hence x* is a global minimizer.

2.1 SGD on the finite-sum

The finite-sum framework allows us to pose a very general version of
SGD:
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This shows that any local minimizer

is a global minimizer, and hence the
global minimizer is unique. For strictly
convex functions, these conclusions
remain true, but we can only conclude
f(x) = f(x*) > 0 for all x # x*.
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Stochastic gradient descent, with step-size
schedule 7y, has the iterates

X1 = Xk — YV fi, (%),

where iy is a (usually random) choice of function. We let

(Fk : k € Np) be a filtration with respect to which the sequence
{(ix, xx) } are adapated. Some of the most important examples
are given by:

1. (Random-sample/multi-pass) The i i Unif({1,2,--- ,n})
are chosen iid.

2. (Single-shuffle) A single permutation ¢ An epoch is one full pass over the
dataset. We will use it to mean n here,

mw:{1,2,---,n} = {1,2,--- ,n} is drawn uniformly at even in the multi-pass case.

random, and then we set i, = 7t(k) for all non-negative
integers 7.

3. (Random-shuffle) After each epoch (6°) , we draw a new
permutation 7, : {1,2,--- ,n} — {1,2,--- ,n} uniformly at
random and set i,,,  x = 71, (k).

4. (One-pass) Here one runs the single-shuffle algorithm but
simply stops after (or before) one full pass over the dataset.

The goal of these notes is to establish the algorithmic performance
implications of choices such as these and the step-size schedule {7 }.
How large should they be chosen? In cases where there are many
solutions, which solutions are selected and how does it depend on
the choices of step-size or shuffling scheme?

Remark 2 (Minibatch SGD): A natural extension of SGD pro-
cesses multiple gradient estimates in parallel. In this case, one
forms updates

X1 = X — 7 ), Vilx),
i€ By

for a random subset By C {1,2,---,n}. In practice, SGD on
the finite sum is essentially always run in batches, which can
be chosen analogously to all the methods in Definition 22. Part
of the reason is architectural: working in batches ensures al-
lows one to perform fewer gradient queries and/or the hard-
ware itself (especially GPUs) parallelize multi-dimensional ten-
sor contraction (up to some bounds on dimensionality) to be
the same wall-clock speed as a single dot product. Hence in a
given update-loop one may want to increase the batch size to
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take advantage of this.

However, from the mathematical point of view, this begs the
question if there is any difference in the behavior of the algo-
rithm as a consequence of the batch-size. Lots of work has fo-
cused on the idea of “variance reduction”, which is to say that
minibatch SGD updates are smaller-variance updates of the un-
derlying gradient.

But this intuition ignores dimensionality effects — if all the
gradient estimators are orthogonal, there is no averaging ef-
fect occuring within the sum. So there is only a 'reduction of
variance” once the batch-size starts to exceed the effective di-
mensionality of the gradients. In many of the setups here, that
means that | Bi| needs to be proportional to d, or moreover if
|Bx|/d — 0 one reproduces small-batch limits.

In a setup where batch-size grows proportionally to dimension,
one can recover an entire theory that runs in parallel to what is
presented here. In particular one sees that there is a saturation
effect once batch is sufficiently large (first observed in [MBB18];
see also for a sharper analysis in [Lee+22] using assumptions
similar to the ones here). Proportional batch methods have also
been analyzed in [Ger+22] using similar machinery.

Remark 3 (Momentum methods): Momentum methods are an-
other direction of generalization, in which one keeps a running
average of gradient estimates and then uses this running aver-
age to update the function. This provides another axis along
which to consider the behavior of stochastic gradient methods
This was popularized in machine learning possibly by [Sut+13];
there remains a relatively healthy controversy over whether or
not momentum matters for stochastic optimization, but this
may be partly because of the precise form of the momentum
(see especially [MY18], [Kid+18] and [PP21] which give ver-
sions which appear to correctly capture some of this momen-
tum effect in small-batch settings) or because of interactions of
batch size and momentum [BCW22] [Lee+22].

2.2 Risks

To measure the performance of SGD, it is helpful to adopt the lan-
guage of risk. This gives us a precise way of describing the algo-
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rithmic performance of SGD. Suppose that we have a distribution
D on R™ x R?, where m represents an ambient data dimensional-
ity and the second R represents a (p-dimensional) output or la-
bel. The basic statistical learning theory challenge is to find a func-
tion M : RY x R™ — RP which for a given choice of parameters
x € R and a data-point (a,b) sampled from D, minimizes a loss
0:R% x RP x RP — [0,00).

The statistical risk (or population risk
or expected risk) is the function

P x— E((x,M(x,a),b)) where (a,b) " ),

In other words, having selected our parameters x and our chosen
loss, how much do our modeling mistakes cost?

In practice, having a finite dataset, we might reserve some of these
data for the “test” dataset and keep the remainder (often the vast
majority) for the training data set. Having estimated the parameters
x € R?, we could measure how well we did by statistically estimating
& using the test data set. For the estimation of the parameters x, we
use instead:

The empirical risk (or training loss)
for n samples (a;,b;)"_; drawn iid from D is

Lixrs — 2 (x, M(x,a;),b;)).

Note that mathematically, this is nothing but the statistical risk,
but with the distribution D replaced by the empirical distribution of
samples. Moreover, this leads naturally to the empirical risk mini-
mization problem:

The empirical risk min-
imization problem for n samples (a;,b;)!" ; drawn iid from D
and model M is the finite-sum problem

min{f( %i xan)b)}

x€R4

To make this concrete, we illustrate a few canonical examples.

The most important, basic example is 1-dimensional linear re-
gression (i.e. p = 1). Here we take the model M to just be a
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linear function, so that M(x,a) := (x,a) and so the parameter
dimensionality d matches the data dimensionality m. Fur-
ther, we suppose the data-distribution D comes from a linear
model, which is to say that

b= (a,pB)+e

for a ground truth B € R% a noise random variable e which

is independent of 4, mean 0, finite variance; and a random

vector a from some distribution on RY. Often, we take a law

Normal(0,X) for a d x d covariance matrix X.

The conventional loss to take in this setting is the mean-
squared error, so that £(x,a,b) = % (b — a)2. In this case, we

have the following explicit formula for the population risk

Z(x) = YE(e + (a,B) — (a,x))* = sE* + L (B — x,Z(B — x)).

(21)
Note that when X >~ 0, this has a unique minimizer at g = x,
and moreover the loss is strictly convex.

The empirical risk also can also be represented simply. Sup-
pose we have n data-target pairs (a;,b;) for 1 < i < n. If we
let A be a matrix whose n rows are given by {a;} and b be
the column vector of {b;} then

=

L(x) =5 Y ((aj,x) — b;)* = £||Ax — b||%. (22)
=1

A small generalization of this problem is to add a regularizer,
or effectively to modify the loss to penalize large weights.
The (p-regularized loss is £(x,a,b) = 3((b —a)? + Al|x|?).
This makes the empirical risk

Z(x) = z; | Ax = b|* + 3 |1 x|~ (23)

It should be noted that in context, one may wish to consider
either the regularized population risk, or alternatively the un-
regularized population risk (21).

For any positive A > 0, the empirical risk has a unique min-
imizer, as a consequence of the strong convexity of .Z. The
minimizer of the regularized empirical risk always exists, and
is called the ridge estimator.
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Other penalty terms may also be added; especially, adding a
||x|[17—norm penalty leads to (one form of) the Lasso problem.

Exercise 5 (Ridge regression): how that the /,—regularized
risk . is strongly convex (with constant A) (and therefore
V.Z(X) = 0 is uniquely solvable) and find its solution.

One step more complicated than the linear models are gener-
alized linear models (GLMs). With p = 1, one supposes the
model M is a composition of a linear model and a nonlinear-
ity; so

M(x,a) = $((x,0)).

Two notable cases are that of phase retrieval, in which case
¢(x) = |x]. (24)

This is one of the simplest nonconvex problems that can be
formulated in high dimensions.

Another is binary logistic regression in which case
eX

= 1_'_7- (25)

¢(x)

In this case, the model M(x,a) gains the extra interpretation
as a probability. In particular, it may represent the probability
that a data-point 4 has membership in some class, and so this
is well-suited to a classification problem.

The data distribution D might be many things, but one natu-
ral choice is that the data follows the model we are trying to
fit. If we do so, then the data distribution D are assumed to
be given by
b= ¢((aB)),

where a follows some distribution. Noise may also be added,
but the precise location of the noise in the model differs from
case to case.

In the case of binary logistic regression, one may instead sup-
pose that
b=X-x+1=x)14p>0

where x law Bernoulli(e) and X law Bernoulli(}) are indepen-
dent of a. This represents a data distribution in which class
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membership is given, but with some amount of mislabeling
error.

Finally for the losses, it is common with phase retrieval to
simply choose the mean-squared error. If one takes this,
without regularization and without noise, then

P (x) = 7E(|(a, x)| = {2, B)])? (26)

In some cases (especially the case of Gaussian a), it is possi-
ble to produce explicit expressions for the risk &, but gener-
ally this is impossible. For logistic regression, it is common
to use the KL-divergence

¢(x, M, b) = blog(#;) + (1—b) log(£)
7 The cross-entropy differs from the

or the closely related cross-entropy loss. (7°) KL-divergence by addition of the
entropy blogb + (1 — b)log(1 — b).
This additional term does not affect
the gradients of the loss with respect to
M, and hence it induces the same SGD
dynamics.

Generalized linear models also naturally can take p > 1.
This allows natural generalizations of the Example 5 such as
multiclass logistic regression, for classifying multiple classes.
Here we now suppose x is a 2-tensor, living in R” @ IR”.
The inner product R” > a — (x,a), contracts the m-
dimensional part of x with that of a. (See partial contrac-
tions (6)). A generalized linear model is now one in which
for some g : R” — R, M(x,a) = g({x,a)).

For a concrete example, we introduce multi-class logistic re-
gression. For functions ¢ : R — R we extend them functions
from R — R by applying ¢ coordinate-wise. The model is
given by:

e{xmm
where 1 is the all-1 vector. We may assume the data distribu-

tion D is given as (a,b) where b is a one-hot (8°) class vector ® The one-hot representation of a class is
the vector of all 0 save for in the entry

given by the class, in which it is one.

M(x,a) = (27)

and a is an element of R™. For the loss, one may take once
more the KL-divergence

4
((x,a,b) =) b;log &i.
i=1
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Neural networks generalize Example 6 further by effectively
composing generalized linear models. The multilayer per-
ceptron or MLP is the simplest example of this, and can be
considered as compositions, in a sense, of generalized linear
models. In a two-layer neural network (or one-hidden layer neu-
ral network), one composes two of these. In the notation of
Example 6, if we set (see 9°)

N(x,a) = ((x,a))+

where x is an R” ® R"-dimensional parameter tensor (and so
the output is R"-dimensional) then with M as in (27),

(R" @ R") x (R" @ RP) x R™ 3 ((x1,%2),a) — M(xp, N(x1,a))

is a relatively common construction of a neural network used
for classification purposes. Typically, further layers and more
purpose-built layers would be added to improve the perfor-
mance (see for example [LeC+98], which was one of the first
instances of “deep learning”, and which has 6 hidden lay-
ers). Once more, one could use KL-divergence for the train-
ing purposes.

2.3 Streaming/Online stochastic gradient descent

In the case of running streaming SGD for the problem of empirical
risk minimization, at every step k < n of the algorithm, one draws a
new datapoint (ay, 1, bk, 1) and then performs an SGD update:

Streaming (aka online) SGD is the
algorithm with updates given by (28).

Xi+1 = Xk — 1Vl (X, M(X, Agg1), bggr)- (28)

Thus at the n-th step, the algorithm has used precisely n data-
points, and moreover, one may naturally view 7 as a free parameter,
representing the number of datapoints used. This means that the al-
gorithm is adapted to the filtration (% : k > 0) generated by the
sequence of datapoints ((ax, bx) : k > 0). In the case of empirical
risk minimization, there is effectively no difference between this and
one-pass SGD, except for how the size of the data-set is discussed.

Streaming can be viewed as a form of stochastic gradient descent
for directly minimizing the population risk &. Namely commuting
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9 The function x — (x),, meaning
positive part, is the ReLU activation
function, which is a popular choice.
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expectation and the gradient, one has for streaming SGD

Xir1 = Xk — 1 Vx, Z(Xk) — Chs1s

where ¢y 1 is the martingale increment

Crk1 = MVl (Xp, M( X, ax41), brs1) — B[ Vi £( Xy, M(Xg, akg1), biyr) | Fil-

Remark 4 (Streaming is an idealization): While it is attractive

to consider an algorithm which directly minimizes popula-

tion risk, this is almost invariably a data-inefficient procedure.
There can be circumstances where compute time, rather than
data is the limiting feature (see the discussion in e.g. [Bot1o] or
[NNS20]), in which case one may wish to use something like
streaming SGD.

Regardless, as a theoretical exercise, it is definitely true that
streaming is a simpler algorithm to mathematically understand,
owing to the underlying independence of the updates.

2.4 Classical convergence of stochastic gradient descent

One of the traditional methods of analysis of stochastic gradient
descent is as a stochastic process, establishing its almost sure conver-
gence properties. Consider a stochastic algorithm defined by

Xip1 = Xg — 1(VF(Xk) + Cxy1) (29)

for some random vectors §; with E(&; 1 | %) = 0. This is satisfied
by both the multi-pass and one-pass versions of SGD for the finite-
sum problem, provided all the f; have bounded first derivatives.

Theorem 10: Mean convergence of SGD

Suppose that F > 0 satisifes:

1. F has Lipschitz gradients with constant L and F is
p-strongly convex.

2. The noise ¢ satisfies E(||&1 ]2 | Fx) < M| VF(Xy) %

3. The step-size vy is constant and satisfies

2

Then with x, the global minimizer of F
E(F(Xy) — F(x.)) < e72"*% X E(F(Xo) — F(x)),

where & = (1 — 7@)
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We look at an increment under SGD. Using the Lipschitz gra-
dient property (or more precisely Exercise 3)

F(Xj41) — F(Xk) < (VF(Xg), X1 — Xi) + 511 Xpep1 — Xl

Substituting the definition of the iterates,

F(Xis1) — F(Xi) < =7 (VE(Xy), VE(Xp) +Es1) + ZE I VF(X5) + g |

Hence if we take conditional expectations on both sides
Ly2(1+M
E(F(X1) — F(Xe) | F) < 7| VEX)|P + EEG0 (| VEX) ).
Hence by how the step-size is chosen
E(F(Xi41) — F(Xp) | Fi) < —a VE(Xy) |12

Now we need the following conclusion of strong convexity: for x*
the global minimizer *©

(F(x) = F(x%)) < ;IIVF(X)IIZ.

Thus we conclude
E(F(Xes1) = F(x7) [ F) < (1= 2ap) E(F(Xy) = F(x7) | F4),
which by induction proves the theorem. O

Remark 5 (Bibliographic note): This was adapted from the excel-
lent notes of [BCN18a].

This additional randomness could also come from a lot of sources:
it may be added artificially to improve the behavior of the algorithm,
such as data augmentation strategies (see for example [SK19] for a
survey of the technique and see [HS21] for some related optimization
considerations as discussed below), but frequently it is the result of
using a computationally efficient stochastic estimator for the true
gradient (which is generally the reason for minibatch SGD).

To analyze the algorithm, a good starting point is the Taylor ex-
pansion

F(Xiy1) = F(Xk) = M VF(Xx), VF(Xg) + Cks1) + Rig1- (30)

Theorem 11: Robbins-Monro convergence of SGD

1. Suppose that F > 0, F has Lipschitz gradients, || VF||? is
bounded, and E (|| 1% | F) < K.
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*° This, while not totally obvious just
follows from rearranging the definition
of Strong convexity applied to the
points x and x — %VF(x), and then
using that F(x*) is a global minimizer.
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2. Suppose that F has compact sublevel sets, so that for all
t >0, {x € R?: F(x) <t} is compact.

3. Suppose that <} satisfies the Robbins-Monro condition
oo e}
Y vk=00 and ) 7% <co.
k=1 k=1

Let S be the set of stationary points of F, i.e. those x € R?

for which VF(x) = 0. Then (29) converges in that it satisfies

Xk :—s> S, which is to say its distance from the set S tends
— 00

to 0.

The first assumptions give control over the errors in the Taylor
approximation. The Ry carries a factor of 7 and so it will be abso-
lutely summable.

Exercise 6 (Convergence of R): Show that if F has Lipschitz gra-
dients, |V F||? is bounded, and E(||¢x,1]|? | #x) < K. Suppose
Z}”;l 'y,% < oo, then Y 17 | Ry < co.

Remark 6 (Notions of convergence): The above convergence
shows that X} converges to a stationary point, meaning a point
of S. It does not necessarily show convergence of X to a lo-
cal, let alone a global, minimizer. Under further hypotheses

on F, one can characterize the stationary points: most signifi-
cantly, if F is strictly convex then there is unique minimizer X*
of the problem min F(X) and moreover it is the unique station-
ary point.

Remark 7 (Other convergence approaches): There are many ver-
sions of convergence of SGD that are proven throughout the
literature. In [Botg8], multiple criteria are given for almost sure
convergence. See also [BCN18b] for more versions of conver-
gence in mean, more in the direction of Theorem 1o0.

We define the martingale M for k > 0 by

k

My =Y 7j(VF(X;),&j1)-
=
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This is a martingale which satisfies

EM} = Z’Yz]E (VF(X;),&41)°
j=
k

Z (sup [|VE( (0]*)K

By assumption this is therefore bounded independently of k, and so
we have by martingale convergence that there is a randopm variable
M, almost surely finite so that

My 225 Mo and  sup |[My| < oo.
k—00 k

From (30), this implies that

k
F(Xi) — F(Xo) < Mg+ ) _R;
=1
Then the martingale and finite variation parts are both bounded, in
that
sup F(Xy) < oo a.s..
k

We also have that

Ak—Z —7)(VE(X)), VE(X;))
j=1

is non-increasing, and so either it tends to —co or converges. If it
tends to —oo, we would contradict that F(Xy) > 0, since we have

k
F(Xi) — F(Xo) = A+ M+ )R,
j=1
and the other terms are bounded. It furthermore follows that in fact
Foo = limy_, o, F(X) exists almosts surely.
So we introduce the event &p = {sup, F(Xx) < P} and note
that Up_, Ep has probability 1, it suffices to show that on every £p we
have || VF(Xg)|| k:—soo> 0 or in other words for every € > 0,P > 1

Pr(Ep N{||VF(X;)||? > € for infinitely many k }) = 0.

Now on the event £p, SGD remains in the set K = {x : F(x) < P}
for all time, which by assumption is compact. So we may work inside
of K with the subspace topology. Recall that S is the set of stationary
points, and let e be the set {x € K : | VF(x)||*> > €}. Then this is
disjoint from S, and by compactness of KN S we can findad > 0
sufficiently small that the closed é-neighborhood Vj of U, is disjoint
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from S. Also by compactness there is an 77 > 0 so that || VF(x)||?> > 7
uniformly on KN S.

Now we show that Xy cannot visit U/, infinitely often. If we wait
long enough, the contributions of the noise Mj and the Taylor er-
ror terms Ry will be uniformly small. In particular, we can find a T
sufficiently large (and random) such that

k
max (|Mg — Mr|+ ) _R;) <16/ (4]|VF||).
k>T T

Likewise, if we perform a martingale decomposition of X, we can
write
-1

k-1 k
Xp—Xr =) —7i(VF(Xj))+&) =Y, —7VF(Xj) + (Zx — Zr),
=T =T

for a martingale (Z; : k). By martingale convergence, we can also
ensure T is long enough that maxy ||(Z; — Z7)|| < 6/8. If T > Tisa
time at which Xj is in U, then

k
| X — Xe| < Y il VF|leo 4+ 6/4.
T+1

Let o be the first time after T that the process leaves V5. Then

g
Y YillVF|leo > [ Xy — Xo| — 6/4 > 36/4.
T+1

Now on this time window, we have

k
F(Xy) = F(X) < = Y vjn + 16/ (2| VEF|lw) < =176/ (4| VF|c0).
T+1
Thus every time that Xj enters U, the objective function F(X}) must
subsequently drop by a fixed amount. As F(X;) =2 Fe, this is
a.s.

impossible, and hence we have || VF(X;)||? = 0 on £p. By com-
—00

pactness of K, we also have that Xj converges to S. O

Remark 8 (ODE interpolation): Another way to argue the con-
vergence above is to show that the iterates asympototically
approximate a solution to an ordinary differential equation.
The classical Robbins and Monro argument actually uses this.
It shows that the path of the algorithm asymptotically almost
surely converges to gradient flow, %X (t) = —VF(X(t)) where
we identify X ~ X (t) with t; = ZI{ 7;- This can only true in
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the sense that

li X, — X0t =0

Jim max | X, (tn)
where X () is gradient flow with initial condition X ®) () =
X
Refinements of this argument further show SDE approxima-
tions, for X, — X (k)(tn). See [KY].

Exercise 7 (Recurrence to Convergence): Suppose that F > 0 but

that VF and V2F are only continuous (instead of bounded).
Suppose however that with - satisfying the Robbins-Monro
condition, the process X returns infinitely often to some com-
pact set K, with probability 1. Show that F converges to a sta-
tionary point of SN K.

2.5 The pessimism of almost sure convergence

The good part about the Robbins-Monro type condition on {7} in
Theorem 11 is that it does not depend at all on the problem — one
is guaranteed convergence with decreasing step-sizes such as v, =
1/k. But convergence is an asymptotic statement, and practically

speaking, one must decide at which finite time to stop the algorithm.

So rates of convergence, which necessarily depend on the problem
setup, are important.

Population risk

== M-P SGD 2000
== M-P SGD 3000
m=—= M-P SGD 5000
s M-P SGD 8000
we M-P SGD 12000
M-P SGD 16000
M-P SGD 24000
=== Streaming SGD

" "
10? 103 104

Iterations
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Figure 1: Linear regression (see
Example 3). Constant step-size
SGD with step-size within a
factor of 3 of the largest sta-

ble step-size. Fixed dimension

d = 2000, identity data covari-
ance. Increasing numbers of
samples, with multipass SGD.
Streaming is the “infinite data”
version.
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Furthermore, in high-dimensional settings such as those displayed
in Figures 1, it is important to account for the magnitude of the gra-
dients. Moreover, in dimension-independent terms, the additional
errors incurred from simply picking a constant step-size may be
small, as measured by the risk. On the other hand, constant step-size
SGD may not converge, as if the noise generated by SGD does not
vanish, one may have a non-degenerate stationary distribution.

The overarching goal of these notes are to develop the mathemat-
ics behind the figures presented here, and in particular to formulate
an algorithmic analysis which is accurate in high dimensions.
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Figure 2: Linear regression (see
Example 3). Same setup as Fig-
ure 1 with one additional curve,
the Robbins-Monro stepsize

Y« = 1/k. By Theorem 11, the
black curve converges. Rescal-
ing the step-size (for example
dividing by d) gives a curve
which is effectively constant
over the same time-scale.
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3 High-dimensional limits: streaming SGD in the case au-
tonomous order parameters

In the previous section, we saw an example of a simple high-
dimensional (high measured in the thousands) linear regression
problem where the Robbins-Monro step-size schedule performed
poorly and a constant step-size performed better. The Robbins-
Monro schedule paid no heed to the underlying problem parameters,
and indeed for a fair comparison one could add problem dependent
constants (for example see [KNS16]). However, in the example given,
the unavoidable conclusion is the step-size is just too slow, and one
possible explanation is that the strategy paid no attention to the di-
mensionality of the problem.

To conceptualize what it means for the dimension to be large,
however, we need to change the dimension and understand its ef-
fects. Doing this reveals some important lessons: The most significant

= = = =
< < < <
~ (4] w =

population risk, KL

=
9
o

0 10 20 30 40 50
SGD iterations/d

observation is that the risk curve concentrates around a dimension-
independent limit. Moreover, this curve depends in a nontrivial way
on the stepsize.

In other words, there is some dynamical system hiding in plain
sight, such that on sending dimension to infinity, the risks are de-
scribed by this dynamical system. We begin by illustrating this with a
simple example.
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Figure 3: Population risk of
logistic regression (see Example
5). In each dimension, 10 runs
of streaming SGD for logistic
regression are performed. We
then display 80% confidence
intervals over time (i.e. we dis-
card the largest and smallest
at error at each point in time).
The curves concentrate around
a high-dimensional limit value.
Note that time is scaled by di-
mension. In the isotropic case,
this risk curve follows an au-
tonomous ODE. (This in fact is
non-isotropic, for which there
is a Volterra curve, similar to
those discussed in the next
section.)
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We follow Example 3, and run streaming SGD on it. We sup-
pose the data distribution D is such that (a,b) ~ D means

law

a2 N(@0,Id), €' N(0,4*1d), b= {(ap)+e

where 8 = B will be a vector in R? of norm 1. The loss is
_1

(x,u,v) = (u—v)? and the risk & is given by
P(x) = 3(7* + 1B — xII?).
Streaming SGD on this problem is given by

X1 = Xk — Ye({Xk — B, Bk41) — €kg1)Ak11-

Now to perform an analysis of this, we will look for a way to de-

scribe the limit as dimension tends to infinity of the risk of SGD over
time. The good starting point for this type of analysis is to compute
the evolution in time of the expected risk of SGD. It will turn out to
be enough to compute the mean and covariance matrix of the up-
dates SGD.

Remark 9 (Tensor formalism): It will be helpful when working
with high-dimensional limits to use tensor representations, as
even for algorithms which only involve matrix-vector products,
one is forced to consider higher tensors. We can naturally iden-
tify matrices M = M; ; with 2-tensors (see Section 1.1). The
covariance matrix of a random vector a4 is then identified with

Ea® a.

The norm-squared of a vector x can be alternatively repre-
sented, using the contraction operator as

|x|I> = (x,x) = (x® x,Id) = Tr(x ® x).
A quadratic form of x and a matrix A can be represented by

x'Ax = Tr(AxxT) = (A, x @ x).

Let .7 be the g-algebra generated by ((a;,b;) : 0 < j < k).
The conditional mean and conditional variance of this update
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are given by

E[({(xx — B, aks1) — €k+1)8k+1 | Fi] = x5 — B = VP (xp),

and the covariance matrix (see Exercise 9 below) is given by

E[({xk = B, ax+1) = €xr1) k1 ® agrn | F]

= (E[((xe — B axs1))? | Zid +17%) 1d +2((xx — B) @ (¢ — B))
=22(x) Id +2((x = B) ® (xk — B))-

It will turn out the correct way to view this in high-

dimensions is as a principal term (the first one) and a lower
order correction, i.e.

E[((xk — B, ak41) — €k11) Ahs1 ® g1 | Fie] = 2P (x) Id .

Suppose that we consider the evolution of the risk itself un-
der SGD, which is to say we consider the update

P(x541) — P(x1) = 3|31 — 2k |1* + 2(xs1 — X8, x5 — B))-

If we set %Z(x) := 3| — x||?, then computing the conditional
expectation, we arrive at

E[%Z(xx41) — Z(xx) | Fil

= BT (22 (x) [ +2((xi — B) ® (¢ — B)))
— Y%k — B, xk — B)
= 27 R (xk) + V(AR (xi) + dn* /2 + R (xp)).

The major factor to consider in this recurrence is the d which
appears in the 'y,% term.

For both first and second order terms to survive in a limit,
we must take 7, < 2d (meaning as order of magnitudes

in d), which implies that v, =< 1/d. Moreover to achieve a
non-degenerate limit, we should set 7, = y(k/d)/d for a
continuous function y(-). If we set p(t) = limy_, E[Z(x[sg))]
then the above equation becomes an Euler approximation for
the ordinary differential equation

p=—27()o+ (1) (p +1°/2).
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Remark 10 (Risk curve and stability): This can be solved explic-
itly. In the case of # =0, it is

o) = p(O) exp(— [/ 21(5) = 72(5) s ).

Note that for constant y(t) = v, the curve is convergent if and
only if v < 2 and bounded if and only if ¢ < 2, (which can also
be reasoned just from the ODE). Note further the risk tends

to 0. In the case 7 > 0 and constant v < 2 the risk does not
tend to 0, but we can further solve for the limiting risk as the
stationary point of p by setting p = 0:

2,2

_ 7
p(e0) = y—"g

Exercise 8 (Concentration): Show using martingale concentra-
tion that the difference of %(x,) and EZ(x,) tends to 0 in
probability as d — co for any fixed ¢t > 0.

Exercise 9 (Wick rule computations): The Wick rule gives a quick
way to compute expectations of tensors formed from Gaus-

sians. Suppose a law N (0,K). For a simple tensors f; for
1<i<4,

E(@®,i® L0/ fa)

= (K f1® 2)(K, f3® fa)

+ (K A ® f3)(K f2® fa)

+ (K fi® fa)(K f2® f3).

This extends by multilinearity to 4-tensors B by

where (-, ), refers to contracation along axes a and b. Show

that
E((a,y)*(a%?,1d,))

=E{@®,y @y @ldn)
= y'Ky Tr(K) + 2y'K?y.
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3.1 Hidden finite dimensional risk manifold

The key to the previous example (Example 8) was that the equation
for the dynamics of the risk was autonomous: the evolution of the
risk depends only on the current value of the risk. This generalizes
the situation seen in Example 9, in which the risk itself describes an
autonomous evolution.

Say that family of empirical
risk minimization problems, indexed by model dimensionality
d, lie on a hidden risk manifold of dimension k if for any d there
are C2 functions u(@ : R? — R and F, B : RF — R¥ with:

1. u; ' (x) = #(x) and & is uniformly coercive:

lim liminfugd) (x) = oo.
|x]| =00 d—roo

2. F;, F, are continuous functions;
3. with v =/d
|4 [(x1) — u(x0) | Fo] + vFi(u(x0)) — ¥*Fa2(u(x0))[| = 0
uniformly on compact sets of ||xg| as d — co for fixed 7;
4. with 7, =/d
dE([||u(x1) — u(xo)||* | Fo] = 0

uniformly on compact sets of ||xg| as d — oo for fixed 7.

Remark 11 (Origins of the hidden risk manifold): This is an adap-
tation of formulation of [BAGJ22], which contains, in addition,
some notable worked examples and further theoretical elabo-
rations. While not formalized in this way, some of the ideas of
this limit appear in the earlier in the work of [SSg5]. This idea
has also appeared [Vei+22], [Arn+23], and [AG]21].

The notion has appeared in the physics literature, where it is
described as the closure of the equations of motion for the
order parameters [Gol+20]. In situations where the data co-
variance is non-identity, this procedure usually has trouble,
[Gol+20; YO19]. In Section 4 we we show one way to handle
this.

As a first central example, the Isotropic Gaussian satisfies these
assumptions.
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We only need a single observable:
u(x) = 2(x) = 3[1p - x|* + 37*.

This risk is clearly uniformly coercive. The computations in
Example 9 show that these ERMs satisfy Part 2 and 3 of Defi-
nition 27 with

F(u) =2u—n* and F(u)=u
Finally it can be checked that for some constant C(||x]|)

E[[lu(x1) — u(x0) I | Fo] < Cllxoll)7*/d%.

Theorem 12: Hidden risk manifold

Suppose a family of empirical risk minimization problems
have a hidden risk manifold and {xlgd)} is streaming SGD on
these problems. Suppose the initialization satisfies u(xp) —
Mo as d — oo. Let u be the solution of the initial value prob-
lem on RF

jr=—9Fi(n) + v*E(p), p(0) = po.

Suppose that the solution of this IVP exists for all time. Uni-
formly on compact sets of ¢

() > p(t):
—00

Fix an R > 0 and let 7R be the first time k the norm of x;
exceeds R in norm, i.e.

= inf{k : |u(x)] > R}

It suffices to show that uniformly on compact sets of time "

R Pr oR
u(x[td]) d—>—oo> uor(t),

where o, is the first time f that ||u(#)|| > R. Having shown this, and
since og — o0 as R — oo, it follows that Tz — oo in probability as
d — oo followed by R, i.e. for any M

lim limsup Pr(tg < M) = 0.

R—oo 4 .
Thus, we will have shown the claimed convergence of u to y without
stopping.
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** The process x; refers to the stopped
process, given by x[ = xprr. Likewise "
is run to the first time t > 7 at which
point it is frozen.
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Now for a given R from the Part 1 of Definition 27 that & is uni-
formly coercive, we have that there is an M sufficiently for all d suffi-
ciently large ||x;R|| < M for all k < Tg. From Part 4 of Definition 27,

we have that ||x*

|| < M +1 even at the final time (where the process
xi can jump outside the ball, but by the moment bound given can
only jump a little with probability going to 1) with probability going
to1as d — oco. For any ¢, we perform a Doob decomposition of u up
to time ¢ < [td], which gives

(-1

u(xy) = u(xo) +kZ Efu(xgy1) — u(xx) | Fil + My
=0

From Part 4 of Definition 277, we have from Doob’s inequality and
Doob’s L?-maximal inequality

max || M|| —= 0.
0<k</t d—o0

Hence From Part 3 of Definition 27
-1

omax || —u(xe) +u(xo) + % ];){—’YH(M(Xk)) + 7 (u(x)) }| di—rog 0.

This is now a uniform approximation of the IVP in the statement of
the theorem. The theorem follows from Gronwall’s inequality and
Part 2 of Definition 27. O

We suppose that we have GLM (Example 5) in a student-
teacher format. That is, suppose that we have have M(x,a) =
¢((x,a)) and suppose B € R? is given and has unit norm.
Suppose we have a data distribution D on RY x R where
(a,b) ~ D means

law

b=M(B,a) and a = N(0,Id,).
Now we suppose the loss ¢(x,u,v) = {(u,v) is given and is
C! with derivative bounded uniformly in norm.
The population risk is given by
P (x) :==EL{(M(x,a), M(B,a)),
and constant step-size streaming SGD is given by
X1 = X — TVl (M(xg, g 41), M(B, i)

= X — Tt (k1) ) u (@ (i, axs1)), (B Ar41)))-
We observe that

ViP(x) =EV{(M(x,a), M(B,a)).
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This is an expectation over a two-dimensional Gaussian dis-
tribution ((x,a), (B,a)). Thus, this can be computed from two
covariances

(x,p) = E((x,a)(B,a)) and (x,x) =E((x,a)(x,a)).

Now under suitable assumptions (% being coercive, ¢, ¢ be-
ing sufficiently bounded), it can be verified that this pair of
observables determines the entire evolution of the system, i.e.

u(x) = (2(x), (x,x),(x, B))

is a hidden risk manifold.

Exercise 10 (Smooth phase retrieval): In the case that ¢(x)
and £(u,v) = (u—v)?, find F; and B.

|
=

Following [SS95], consider a setup in which for a 2-tensor
x € R" @ R?

My(x,a) = g((x,a)m) where g(x)= erf(x/V/2)

and suppose one considers the student-teacher setup in

which 2 ‘2 N (0,Id,;) and mean-squared error loss ¢(u,v) =

%(u — v)2. The number of hidden units in the student and

teacher layers are different and given by p, q respectively.
Hence the risk is given by

P (x) = EL(Mp(x,a), My(B,a)).

This can be evaluated explicitly in terms of the correlation
matrices

Q=(x)m, T=(BBm R=(x,f)m
These correlation matrices. For a 2-tensor A € V%2, setting
D(A) to be the vector (1//1+ A;;:1<i<dim(V)),
P(x) = L(Traresin(Q® (9(Q) ® D(Q)))
+ Trarcsin(T ® (D(T) @ D(T)))
—2Trarcsin(R® (D(Q) ® D(T)))),
with the arcsin applied entrywise. Moreover, the triple

(£,Q,T,R) form a hidden risk manifold. See [SSg5] for a
qualitative discussion of the resulting ODEs.
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4 High dimensional analysis of streaming SGD on the corre-
lated least squares problem

This is adapted from the article [CP23b]. Portions adapted from [Pag+22b],
[Pag+22a], and [Pag+21].

A unifying theme of the examples in the previous section were
that (1) the data were isotropic Gaussian N(0,1d,,) and (2) the risks
could be described by a family of order parameters related to correla-
tions E(a, x);, @ (a, %)y (and when relevant [E(a, x),, ® (a, B)m). The
reliance on isotropic Gaussian data calls into question to what extent
this theory could ever apply to more involved setups. So we may
wish to generalize it, which brings us to point (2): if we look at the
case of correlated data, are there still hidden variables which describe
the evolution of risk?

We now suppose the data distribution D is such that (a,b) ~
D means

law

o' N(0,K), eZN(0,721d), b=(a,p)+e

where B = B will be a vector in R? of norm 1. The loss is

¢(x,u,v) = L(u—v)? and the risk & is given by

P (x) = 3(° + (K, (B — 1)%?)).
The risk now satisfies a 1-step update given by
E[Z(x¢41) = 2 (%) | Fil

= B Tr (22 (x)K + 2(K (3 — B) ® L(x — B)))
— (K>, (x — B)¥2))

Now, unfortunately, the gradient descent term (meaning
that which is linear in 7 is no longer just the risk &, ow-
ing to the presence of the K?>. One may attempt to add
up(x) = (K2, (xx — B)®?)), but when considering its evo-
lution under SGD, this just leads to a gradient descent term
(K3, (xx — B)®?). So there is not a finite family of statistics
that can be used to autonomously describe the evolution.

So we need another framework for describing the high-
dimensional limit dynamics, beyond what has already been pre-
sented. We shall put the following assumptions on the data. (See
Section 1.5).
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A sample (a,b) from the dis-
tribution D satisfies the following:

1. That data a is centered and has covariance matrix
K :=Ea ® a which has operator-norm bounded independent
of d.

2. The data satisfies a Hanson-Wright type inequality: for all
t > 0 and for any deterministic matrix B

t?.d—4s td—ZS
Pr ’aTBa—IEaTBa‘ >t) <2exp (—min{ , }) .
( ) IBII> " [IBllo

3. Conditionally on 4, the distribution of b is given by
(a, B) + nw where w is mean 0, variance 1 and is subgaussian
with [|w][y, < d*.

4. The ground truth g is assumed to have norm at most 4°.

Throughout this section we shall only discuss streaming SGD for
the least squares problem with constant step-size v, = v/d. Hence
the the iterates are given, in terms of a stream of data (a s bj)‘f’, by

X — B = (dg —Jaral ) (x_1 — B) + %ka, (31)

where (w;){° are the standardized noises in the targets.

Homogenized SGD for streaming linear regression. To accomplish this
task, we introduce an idealized process which captures the large-
dimensional behvior. Homogenized SGD is defined to be a contin-
uous time process with initial condition Xy = x that solves the
stochastic differential equation

dX¢ = —yVP2(X,) dt + 74/ 32(X;)K dB; (32)

where B; is standard Brownian motion in dimension d, where we
rcall & is the population risk:

P(x) = 3By ((a,x) = b)%,  (a,b) ~D. (33)

We will formulate a comparison theorem between X; and x;. To do
so, we use the following probabilistic notion:

We use the probabilis-
tic modifier with overwhelming probability to mean a statement
holds except on an event of probability at most e~«(1°84) where
w(logd) tends to oo faster than logd as d — oo.

To quantify the growth of functions, we use the following:



High-dimensional limits of stochastic gradient descent

Define || - |2 on functions g : R? — C
lllc2 = sup IV29(x)lle + IVa(0) || + 19(0),

with the norms on the right hand side being given by the oper-
ator and Euclidean norm respectively.

Our main theorem is given by the following:

Theorem 13: Streaming SGD limit

Suppose the data satisfies Assumption 1. For any quadratic
7 : R? - TR, and for any deterministic initialization xg
with [|xp|| < 1, there is a constant C (||K||,) so that the
processes {x;}}_, and {X¢}/2 satisfy for any n satisfying
n < dlogd/C(|K]lo)

n _1
sup [7(x) — 4(Xesa)| < llgllca - eCUKINE a3+ (39)

0<k<n

with overwhelming probability.

\. J

The processes x; and X; are independent, and hence this is also a
statement about concentration. In particular, the statement is also
true if we replace q(Xy,/4) by Eq(Xk/4)-

4.1 Explicit risk curves

Unlike results from the previous section, this is not quite a com-
plete solution to describing the limiting risk curves in the high-
dimensional limit. Indeed, this process still exists in a d-dimensional
space and not in a space of dimension independent of d. So to find
the risk curves, we still have an argument to do.

The main idea we use here is to consider the complex curve, with
R(z; K) given by the resolvent (see Section 1.2 for a discussion of
resolvent properties that we use)

Qi(z) = 3(R(zK), (Xt = ) ® (X; = p)) z€C. (35)

It will suffice to consider Q;(z) on a curve I' C C that encloses the
spectrum of K. As we have supposed that K has an operator norm
independent of d, we can suppose that this curve is independent of d
and encloses a 1-neighborhood of all eigenvalues of K.

Now from Cauchy’s integral formula (see the spectral mapping
theorem), we have

P00 = HK X =P e (- p) = — f 200 dz 0
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Hence, the risk can be extracted from Q;(z). Now on the other hand,
applying It6’s formula
dQt(z) = —7(KR(z K), (Xt — B) ® (X; — B)) dt
+7(R(zK), (X — p) ® / XLX) ap,)
+ L2X) (R(5;K), VKdB; @ VKdBy). 37)
= —’Y<ZR(Z}K) +1dy, (Xe — B) ® (X¢ — B)) dt + dM:(z)
+ 22X (R(z;K), K1dg) dt.

The process dM;(z) is the martingale term, i.e. all those terms linear
in dB;. In summary

dQ:(z) = —2vzQ¢(z) dt + % Tr(KR(z; K)) dt — || X; — B||> dt + d M (z).
Hence using an integrating factor, we have
d(7 Qs (2)) = 21 LX) Tr(KR (2 K)) dt — 727 (| X — B2 dt + dM(2)).

This can be solved explicitly to give
t Gy
Qi(z) = Qo(z)e 27 —l—/o eiZWZ(tfs)%Tr(KR(z;K)) ds + E¢(z).

The term E;(z) is an error term containing both terms which will
vanish in subsequent steps and a martingale term which we must
show vanishes (owing to the extra factor of V/d that it carries). From
this, we can extract the risk &(X;) by integrating over I'. Specifically
using (36)

P(Xt) =

ot 7
oo f (Qo( Ye 27t 4 /O e—272<f—5>72{}"s>Tr(KR(z;K))dHEt(z)) dz.

(38)
Each of these terms we integrate separately.

Gradient flow term. For the first term, zQo(z)e 27, we can identify it
as a function of gradient flow.

Gradient flow (2} : t > 0) on the
objective function & with initialization X is the solution of the
ODE

2 = -V (2)

with initial state 2y =

In the least-squares problem, this can be explicitly solved, which
yields:
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Lemma 7 (Least squares gradient flow): If 2(x) = (K, (x —
/3)®2) + 172 /2 and initial state of gradient flow of SGD is X,
then

2 —p=e (X ~B).

From uniqueness of the gradient flow ODE, it suffices to sim-
ply verify that
21 = —K(2i - B) = V2(2)
and that at initialization 2y = X. O

From spectral mapping, we have

-1 ﬁon(z)szZt dz — ;<_1 7{ ze 2" R(z; K) dz, (Xg — ﬁ)®2>

27Ti 2mi Jr
1
= S (Ke™28, (X — ) )

= 2K (%0~ ).

Thus the first terms is precisely the risk of gradient flow run from
the same initialization. The noise term (which is quadratic in 7) can
again by spectral mapping can be identified, from which (38) can be
expressed as

! 1
P (Xi) = P(Zy) —0—/0 Tr(Kzefz"YK(t*s))% ds — 5o ]izEt(z) dz.

Hence we introduce the Volterra model for the risk by

Let Z; be
the path of gradient flow started from initialization Xy. Let K,
be the function from [0,00) — [0,00) given by

Tr(K?e 27K
Ky (t) = 727( 7 )

Then the Volterra risk model is the solution of the convolution-
type Volterra equation

V(1) = P(Xy) + /Ot I ( — s)¥(s) ds.

After establishing control on the error terms above, we will have
shown the following



High-dimensional limits of stochastic gradient descent

Theorem 14: Homogenized SGD risk curve

Forany e >0,any T >0

sup [2(X:) =¥ (t)| < C(T, ||K[lo)d~"/?+¢
0<t<T

with overwhelming probability.

This is a similar Gronwall inequality argument and uses concen-
tration of Brownian martingales. See [Paq+22a, Theorem 1.1] for
details.

4.2 Optimization implications of the Volterra risk model.

From here, we can already make some optimization conclusions. We
first note that while the comparison between the true risk #(x;;) and
¥ (t) only holds in the limit as d — oo, the curve ¥ () exists at each
finite d.

The first observation is that F(yt) := & (%) is always decreasing,
for all v and moreover decreases as t — co. The limit risk is given by

Lemma 8 (Gradient flow risk): The risk under gradient flow con-
verges F(co) = 52/2 and moreover converges like

F(1t) < F(e0) + ¢ 2" (F(0) — F(e0))

where A(K) is the smallest positive eigenvalue of K. This is
asymptotically correct in that

(F(yt) = Floo)) /! — &™),

From Lemma 7, we have the explicit integral curve 2; — =
e~*(X — B), with X the initialization of gradient flow. It follows that

Flyt) = J{Ke 2, (X = p)*2) + 1.

On taking t — oo this inner product converges to 0. The rate of
convergence can be quantified in terms of the smallest positive eigen-
value of K, which is given by

(F(t) — F(o0))/t — ¢~ 2MK),
We also have the non-asympototic guarantee

(F(t) = F(e0)) < e 2 MI(F(0) — F(e0)).
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Since the function F always is bounded, the boundedness of the
solution of the Volterra model can be stated entirely in terms of the
kernel K. One also can deduce rates of convergence, which we give in
terms of the Malthusian exponent.

For a convolution Volterra

equation, the Malthusian exponent A* is given by
M (Ky) = inf{A >0: / PMMIC, (1) dt = 1}
0
if it exists.

Exercise 11 (Malthusian exponent exists at finite d): In finite di-
mensions (i.e. with K, (t) given as in the Volterra model with
finite dimensional K), the Malthusian exponent always exists
and is always less than the smallest eigenvalue of A(K).

Theorem 15: Volterra model optimization properties

The Volterra risk model ¥ satisfies the following.

1. The risk ¥ remains bounded if and only if ¢ < %, and
the limiting risk ¥(o0) = F(o0)(1 — 2%51()_1-

2. If for v < 2TK then ¥(t)1/f — 277",

While the Malthusian exponent is always larger than A(K), this
leaves open whether or not A*(K) is vanishingly close to A(K). To
answer this, it is simplest to pass to an infinite dimensional setting.

4.3 Infinite dimensional Volterra equation

The Volterra model in Definition 31 still depends on the dimen-
sionality of the underlying problem; it also can be derived without
further modelling considerations of the covariances structure d or
initialization. It can also be advantageous to derive a true dimension-
independent limit, which for example clarifies those < at which the
Malthusian exponent plays a dimension-independent role. To de-
rive a dimension-independent limit, it is enough to suppose that the
empirical measure of eigenvalues of K converges to a limit.

The empirical spectral
measure y of K is the d-point atomic measure

14
px(dx) = P 25/\]-(1@ (dx)
]:
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where {A;} are the eigenvalues of K.

If the empirical spectral measure yg converges weakly to some
compactly supported limit measure y, and the driving curve
F(t;d) — F(t;00) uniformly on compact sets of ¢, then uniformly
on compact sets of time

Y(t;d) — ¥(t;00),
where the infinite-dimensional Volterra model satisfies the following.

The finite di-
mensional Volterra model with gradient flow risk curve F and
spectral measure y is the solution of

¥(t) = E(qt) + /Ot I (F— 5)¥(s) ds,

where

() =22 [ e ().

This generalizes the finite-dimensional model by taking u to be the
empirical spectral measure of K and F given by Z(%}).

The convergence analysis Theorem 15 remains true, with
2TrK/d =2 fooo xp(dx). In the infinite-dimensional case, the Malthu-
sian exponent of the convolution-Volterra equation may cease to
exist. If A(p) is the left-edge of the support of y, then A* does not
exist for 7 such that

) 2 o)
4 A = 20 WK (#) dt < 1.
2 /)L(]i) X*A(]/l)y(x) /(; € ’Y( ) <

This leads to the following infinite-dimensional version of Theorem
15.

Theorem 16: Volterra limit

For a limiting spectral measure y, the infinite dimensional
Volterra risk model ¥ satisfies:

1. The risk ¥ remains bounded if and only if
v <2 [ xp(dx), and the limiting risk ¥ (eo) is given by
_ 7 -1
Fleo) (1= g
2. If for v < 2 [;” xp(dx), the Malthusian exponent exists
then (¥ (t) — ¥(c0))1/t = 277",

3. If for vy <2 f0°° xp(dx), the Malthusian exponent does not
exist, the convergence rate (at exponential scale) is the
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same as F(t).

Remark 12 (Precise rates): Under the further assumption that
u([AK),AK) +t))t™ — ¢ > 0ast — 0 it is possible to
give more precise statements for the behavior of the rates (such
as ®(t)e’'tP — cast — o0). Under the assumption xg is
isotropic subgaussian, it is possible to give more precise par-
ticular asymptotic equivalences (i.e. without the 1/t exponent).

Convergence rates

10097 R Figure 4: Phase transition of
e the convergence rate (y-axis)
as a function of the stepsize
r=0.12 (x-axis, y) for the isotropic fea-
107" — r=0.14 tures model at infinite dimen-
— =0.17 sions. Thus p is Marchenko-
—_— r=0.20 Pastur (depending on aspect ra-
— =025 tio r) and gradient flow is given
1072 —— =033 by an isotropic starting vector.
. r:O: 50 Smaller stepsizes (dotted) yield
B convergence rates which de-
\ — r=0y0 pend linearly on 7 with a slope
1 that is always frozen on A(p)

— this coincides with the con-
vergence rate of the underlying
gradient flow. The convergence
rate changes behavior once it
hits the critical stepsize (solid
gray, v«), becoming a non-linear
function of v (a discontinuity
occurs in the second derivative

of the convergence rate with re-

spect to y). The critical stepsize

] r=1.25 appears to be a good predic-
r=1.11 tor for the optimal stepsize.
0.4 | In addition, the more over-
0 1 . 2 parameterized the data matrix
Step5|ze (r — 0)is, the smaller the win-

dow of convergent stepsizes
and as its Hessian becomes ill-
conditioned (r — 1), the linear
rate degenerates and the high
temperature phase disappears.
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4.4 Proof sketch of the homogenized SGD comparison

We give a reduced version of the proof of Theorem 13. In effect we
show that g(xy) nearly satisfies the conclusion of 1t6’s lemma. Fur-
ther, we show the martingale terms in both of the Doob decomposi-
tions are small, and hence it suffices to show the predictable parts of
g(xx) and g(X¢) are close.

To advance the discussion, we compute this Doob decomposition.
To take advantage of the simpler structure afforded by removing S,
introduce

=xr—p and V;:=X;—-B. (39)

We shall extend the first integer indexed function to real-valued
indices by setting vy = v|;. We also let (F; : t > 0) be the filtration
generated by (v; : t > 0) and (V;/4 : t > 0). Hence for all k € IN, vy
is measurable with respect to .#;. Recalling the recurrence (31), for a
quadratic g

q(vk) — q(vg_1) = —7(Va(or_1))" (Ap) + 772(A1<)T(V217)(Ak)r
where my = ak/\/g (40)
Ay = mk(mzvk_l — nwy)

The equation above can each be decomposed as a predictable part
and two martingale increments

q(vk) — q(vi_1) = — 7(Vq(ve_1)) T (§Kvk_1) + AME"
2
+ 5 Te(3K(V2q)) (Joi 1 Koe 1 + El])
_'_Agl?uad +AM2uad,
where  AMI™ =ATV2qA, — EIAT V20 | Fiq).

(41)

The remainder of the martingale increments are given by AM}S“ and
are all linear in Ag. The predictable parts have been further decom-
posed into the leading order terms and an error term Aé’;luad.

These predictable parts, in turn, depend on different statistics
g1(vg_1). It turns out to approximately describe the risk, we can work
on a manifold indexed by a curve in C2 which approximately closes.

Specifically, we let
Qn(’?) = Qn(’%K) =
{a), (Va@)"RGEK)x, ¥"Ry;K) (V)R K)x,
(Va(x)'R(z:K)B,  x"R(y;K)(V*)R(z:K)B, VzyeT}.
(42)

In order to control the martingales, it is convenient to impose a
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stopping time
T:=1nf{k: |[vg|| > d} U {td : ||V}]| > d°}, (43)
and we introduce the corresponding stopped processes
O = Vknes Vi = Vin(e/a) (44)

We prove a version of our theorem for the stopped processes and
then show that the stopping time is greater than n with overwhelm-
ing probability.

Our key tool for comparing v;; and V; is the following lemma.

Lemma 9 (Comparison of SGD to HSGD): Given a quadratic g
with [|g]lcz < 1, with @ = Qu(q) U Qu(2) U Qu(|l - [1?) as
above,

max |q(vg) —q(V{)| <
0<t<d

sup (| M|+ M|+ €0+ [MEoePT))
0<t<n/d

n/d
+ C([IKllo) - sup |8(vsa) — g(V7)ds.
g€ ”/0

(45)

Mf‘ISGD,T

Here is the martingale part in the semimartingale

decomposition of g(V[).

Owing to the similarities of this claim with the proof in
[Pag+22a, Proposition 4.1], we just illustrate the main idea. The idea
is that if we take a g € Q, and we apply (41), then in the predictable
part of g(v¢) we have

t t t
I ::/0 Vg (veq) ' Kvggds, I ::/0 Vg(vsg) Bds, Iz ::/0 vSTdesdds.

These also appear with coefficients that can be bounded solely using
llgllc2 and ||K||s. We get the same, applying It6’s lemma to g(V;),
albeit with the replacement v; — V;. We wish to bound for example
I (vt) — I (V%). We do this by expressing its integrand as p(v) —
p(V;) for polynomial p. If ¢ is linear (the final row of (42)), then p is
again linear. For example, if it is ¢(x) = Vg(x)TR(z; K)B, then p is
again linear and is given by

p(x) = xTKR(z; K)B = +xTR(z; K)B — zx™ B,

where we have used the resolvent identity (K — z)R(z;K) = I. Note
the function xT R(z; K)B is contained in Q by virtue of being in Q,(]| -
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). Moreover, by Cauchy’s integral formula, we can represent x' 8
by averaging 7--xTR(y; K)B over y € T. Hence

Ip(0ra) = p(Vi)[ < ||T||{2r1€a5|8(vtd) -8Vl

with ||T'|| the length of the curve (which can be bounded in terms of
IIK||ls).- The same manipulations lead finally to showing every term
included in Q can be controlled in a similar manner, using the other
elements of the class Q. O

The second important idea is to discretize the set Q.

Lemma 10 (Discretize the spectral curve): There exists Q C Q
with |Q| < C(||K||s)d*" such that, for every g € Q, there is
some § € Q satisfying ||g — || < d—2™.

On the spectral curve I', we can bound the norm of the resol-
vent. Since

dni k) — (K — 21)-2
ER(Z,K)f(K zI)™%,

we have it is norm bounded by an absolute constant. The arc length
of the curve is at most C(||K||,), and so by choosing a minimal net
d—2%¢ of the manifold T x T, the lemma follows. O

Now the main technical part of the argument is to control the
martingales and errors. As we work with the stopped process vf we

introduce the stopped proccesses M}(in’T, Mguad’T, E,?uad’T, which are
defined analogously to (44).

Lemma 11 (Martingale bounds): For any quadratic g with

lgllcz < 1, the terms M;™7, M,?uad’r, gguad’r satisfy the fol-
lowing bounds with overwhelming probability (with a bound
which is uniform in g) for n < dlogd

: lin, —1i5e
i supy g, M <d727%,
59 Mquad,‘r < d7%+9€
n Suplgkgn\ k | < ’

quad,t —149¢
iii sup;;-, [& | <d .

Combining Lemmas 9 and 10, along with the above, we conclude
that, for any 7 € Q with ||g]|2 =1,

1 £
q(vgy) — (V)| < 4d™ 27 4+ C(|[K]|o) max [ |g(vl;) — g(ViF)lds.
g€Q Jo
(46)
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Hence by Lemma 10 and by bounding ||g||2 over all Q,

o -1 !
ma g(ofy) ~ (V)| < COIRI) (424755 4 [Mmaxg(ety) - (Vi) s ).
g2€Q 0 g€Q
(47)
By Gronwall’s inequality, this gives us that with overwhelming prob-
ability

T _ o(V)| < C(IIK 42 4d—l+9s C(||I<H(7)n/d‘
{gneaéogg/dlg(vm) SV < CIK|lg)(d™=+4d 277 )e
(48)

Now we note that the norm function x — ||x||? is one of the quadrat-
ics included in Q. Hence if we let G be the event in the above display,
and we let £ = {maxg<s<,/4 || Vs| < d¢/2}, then we have

GEN{t<n/d} € {Jloell — l[orrll = &2} 1 {x < n/d).

This is because on the event {T < n/d} N & we must have had
lloc|| > d¢, but in the step before 7, we had v;_1 could be compared
to V;_1 (due to G, and we had the norm of V;_; was small. Now it is
easily seen that with overwhelming probability, no increment of SGD
between time 0 and #/d can increase the norm by a power of d. So
to complete the proof it suffices to show £ holds with overwhelming
probability.

Thus the proof is completed by the following:

Lemma 12 (Non-explosiveness of HSGD): For any J > 0 and any
t > 0 with overwhelming probability

max [|X||? < eCUKI-)tg0,
0<s<t

We apply Ito’s formula to ¢(X;) := log(1 + ||X¢]|?), from which
we have

2
_ Xt'VﬁZ(X) Xiy EL@(Xf)KdBt
dp(Xe) = ~20 75 4+ —— T

P(Xt) 292 2922 (X;)XT KX
+ (e T T(K) = ==~ dt

The drift terms and the quadratic variation terms can be bounded by

some C(||K||s). Hence with this constant, for all r > 0,

Pr(max ¢(Xs) = CUIKo)(t + 1v/D) < 2exp(—12/2).

Taking r = /logdloglogd, we conclude that with overwhelming
probability

max ¢(X;) < C(||K||¢)(t+ /tlogdloglogd).

0<s<t
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4.5 Controlling the errors

The main goal of this section is to control the martingale terms and
error terms; in particular we prove Lemma 11. We will also record for
future use an estimate on Vg that follows from || - || -2 control.

IVa()1] < 1V%qll - 1xI| +11VgO)I] < llgllca - (1xl] + 1) (49)

Martingale for gradient part of recurrence.

Comparing (40) and (41), we see that for k < 7

lin,T _
AMPT = [ (wlf_m) (ml?vzf_l - ’7k) - %w{—lKle—l}
= [AMPVT — AMEMT, (50)
2
where wy_1 = —yVq(vg_;) + 7Td(v,f_l +B).

Note for k > T, the stopped martingale increment is 0. Using (49),
w1l < C(7y,d)d®. We will separately bound the contributions from
AM}:“ LT and AM}?“ 27T in terms of their Orlicz norms. For the first
part, for any fixed k, we condition on Fj_; and Assumption 1, we
conclude

<:Cd—%+%.d—%+k

lin1,
IV
P2

T T
S L e [
(51)

where C is some absolute constant. For the second part, we have

AMPT) = | Yl Kof | < Cd—H2, (52)
Combining these, we see that, for every k,

01 = inf{t > 0 : Elexp([AM™T — AMI2T| /1) | Fi_q] < 2} < Cd—1H4

(53)
and, by the martingale Bernstein inequality,
Pr| sup |[M™ —EM"| >t
1<k<n
2
< 2exp (—min{ ! , nt }) (54)
cmaxoky €Y p_q0k1
<9 (7 : {C 1-4e 2 28 —1
<2exp (—min§Ctd ™, Ct°d“ *n .
As we assume that n < dlogd then this gives us
sup |[MP™T| < d-3toe (55)

1<k<n

with overwhelming probability. O
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Martingale for Hessian part of recurrence.
Next we consider the contribution from the Hessian part of the
recurrence. We write
2 T T (o2 T
L (myemy og_y = myne) ™ (V2q) (mygmy og_y — mypie)

) d
= E [ % (gl of_y — myp) T (V2q) (mimTof_y — mone)| Fic1 | + AMES.

(56)
Rearranging the terms, we get
d
AMIS = AgBy — E[AgBy| Fi_1] (57)
where
A= ml (V2q)my, By := (mlof | — )% (58)
This can be expanded as
d
AMIS =(Ap — E[AL])(Bx — E[By]) + E[A(JE[B] — E[AxBy] (59)

+ (Ax — E[Ag])E[Bi] + (B — E[Bg])E[Ag],

so we focus first on obtaining subexponential bounds for the quanti-
ties A — E[Ax] and By — EE[By] using the Hanson-Wright inequality.
For Ay, we have

Pr(|Ax —EA > t)

. t2 t
—cmin <d2+4g||v2q%isfd1+2€||V2q|>‘| (60)

< 2exp[—c min(2d' 4, td! 7)) < 2exp[—c”td%_2£]

<2exp

and thus we have the subexponential bound
14~ B[Ad[ly, < Ca~2+%. (6)

Next we obtain a subexponential bound for B. For the part of By not
involving 77;, we use Hanson-Wright to get

Pr (‘mlzvlll(vllﬁka - ]Emlzvlzfl@;fl)]"mk‘ > t)

2 t
< 2exp | —cmin ,
S [ (d““!lv;_l(vz_l)%s d1+2€||v,z_1<v;_1>T||>]

< 2exp[—cmin(t?d> 8, td' %)),

(62)
For the terms involving #y, we use the Orlicz bounds from the as-
sumptions in the set-up to obtain
T T g i42e -4
ka1l lgr < T vk allys - [Pilly, = d=275a7270 0 O

— d—1+3€
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Since also ||7Z||y, = d~'72¢ combining the bounds (62) and (63), we
have
1B — E[By]|[y, < Cd 1. (64)
Furthermore, we have
E[A] =0(1), E[B]=0(d"), (65)

uniformly for all k based on the assumptions on 7y and my. We now
use (61), (64), (65) to bound each term of (59) in turn.

To bound the contribution from (Ay — E[A])(Bx — E[Bk]), we ob-
serve that, for each k, with overwhelming probability, | Ay — E[A]| <
d-2+3 and By — E[By]| < d~1%, so we can conclude that, with
overwhelming probability,

n
2
k=1

For the second term of (59) we have

(Ax — E[A)) (B — E[Bd)| < nd 3% < a=37% (66)

‘]E[Ak]]E[Bk] _]E[AkBk]‘ = ’]E[(Ak —EAy) (B _]EBk)]‘ < ]E‘(Ak_IEAk)(Bk —EBy)|.

(67)
We can bound this quantity using

Pr (|(Ax — EAy) (By — EBy)| > 1)
< Pr(|Ax — BA| > Vt) + Pr(|Be — EB| > V1) (68)
< 4exp [—c min(td! %, \ﬁdl_‘k‘)}

where the bound in the last line comes from combining (60) and (64).
Using this bound, we obtain

E[AJE[B] — B[4y < /Omer (|(Ax — EA) (B — EBy)| > x) dx

1 )
g/ 4xexp(—cxd174€)dx+/ 4x exp(—cy/xd ) dx
0 1

(69)

Making the change of variables y = xd!~# in the first integral and
z= \/Edl’4€ in the second integral, this becomes

di—4 00

4d_2+88/ yexp(—cy)dy +4d 8¢ /1 \ Z2exp(—cz)dz = O(d—278¢),
0 £

(70)
Thus,

n

X

k=1
Finally, we note that the remaining terms of (59), namely (A; —
E[A;])E[B] and (By — E[By])E[Ak], are martingale increments with

E[AJE[B — E[ABy]| = O(nd~2+5). (71

_3 _
[1(Ax — E[ADE[B|ly, < Cd™2%%,  ||(By — E[B)E[A] ||y, < CdHF.

(72)
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Applying the Martingale Bernstein inequality, we conclude

Pr| sup >t
1<k<n

2
< 2exp (— min{ ! , nt }) (73)
cmaxoky €Y p—q 0kl

< 2exp (f min {Ctd1_4s, Ct2d%8ey—1 }) )

k
X%(Aj —E[Aj])E[Bj] + (B; — E[B;])E[A]]
f

Thus, for n < dlogd, we get

k
Z{(Aj —E[Aj])E[B;j] + (B; — E[B}])E[A]]
=

sup < dmiE (74)

1<k<n

with overwhelming probability. Finally, combining the bounds from
(66), (71), (74), we conclude that, for n < dlogd,

sup \Mguad'T <d e (75)

1<k<n

with overwhelming probability. This completes the proof of part (ii)
of the lemma.

For part (iii), we observe that AE,?uad’T = E[AxBy] — E[A{JE[By] +
O(d—2%4€), the error terms arising from u; cross terms, so that the
bound of SI?uad'T follows immediately from (71). O
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5 Homogenization of Multipass SGD on the least squares

This is adapted from [Paq+22a], building on earlier work in [Pag+21].

Expected risk Volterra Figure 5: Risk curves of SGD
3% 10° Bl n=100 across different dimensions.
B n = 400 In each dimension, 10 runs of
1600 multi-pass constant step-size
- n =

SGD are performed on a least

2 x10° n = 6400

wmww”” w“p‘p'”

1071 10° 101 102
epochs

squares problem, and the test

error is computed over time.
We then display 80% confidence
intervals over time (i.e. we dis-
card the largest and smallest

at error at each point in time).
1091 The curves concentrate around
a high-dimensional limit value.

Note that time is scaled in

epochs. The Volterra curve is
the limiting risk curve.

In this section, we will deal exclusively with multi-pass SGD on
the least squares problem. Strictly speaking, this will no longer
purely concern the problem of linear regression (although this re-
mains the main motivating application). Suppose that we are given
an n X d matrix A and a target vector b. We look at the least squares
problem

min{ () = 4104, x)a — bIP = & Y@ ) - b2 ).

xER? i=1

The SGD we now consider is

X1 = xp — V(@i %) — Ui Dag o {ik} iid Unif({1,2,---,n}).
(76)
This is multi-pass SGD.
Now a fruitful point of view in this case is to actually recast this
as streaming SGD, which is possible if we view D as the empirical
distribution of the pairs ((a;,b;) : 1 < i < n) so that samples from D
are given by

(a,b) "2 (a;,b;), % Unif({1,2,--,n}).

The expected risk, considered this way, would be the empirical risk
Z. For clarity, we shall still refer to it as the empirical risk, as in an
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ERM context, it may be helpful to still consider a population risk.
However, this does give a clear guess for how to approximate the
resulting SGD in high-dimensions. Define the sample covariance
matrices

R:=1ATA and K:=1aAT, (77)
where the first is the (usual) feature-feature covariance and the
second is (up to scaling) an empirical estimator of the covari-
ance between the samples. If we use (32) as a guide, then with

e =(k/d)/d

dX; = —y(t) (VL(Xe) + 1/ 3.2(X¢)KdBy). (78)

On the other hand, what is clear is that this distribution cannot
satisfy Assumption 1 in two important ways. First the data absolutely
cannot generically Part 2 (the Hanson-Wright inequality) uniformly
in B, as the case of B being given by an outer product a1 ® a1, which
will cause large non-concentration issues. Second, there is no un-
derlying model for the targets b, and no clear candidate for a target

B.
Suppose that the
norm of K (and hence K) is bounded above independent of n
and d. Suppose T is the contour enclosing [0, ||K||] at distance
1. Suppose there is a € (0, 1) for which

1. max max |e] R(z; K)b| < n~1/2,
zel 1<i<n

2. max max |e;IR(z;IZ)eT| < nf-172,
zel 1§17é]§n ]

' TR(z K)e — 1 R < nf-1/2.
3 ?212(1?2; le; R(z;K)e; — 5 TrR(z;K)| < n

In a random matrix theory context, such types of results are
standard. That is, under quite general assumptions, if we suppose
that the rows of A are given by independent samples from a high-
dimensional distribution, one gets that the off-diagonal resolvent
entries of K are small and the on-diagonal entries approximate the
trace. See for example [KY17].

We also need that the initialization does not pick out a part of the
feature covariance matrix which is unusally dense.

Let T be the same contour as in
Assumption 2 and let 6 € (0,1). Then

max max |el R(z; K)xo| < d®~1/2.

zel 1<i<d
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Exercise 12 (Initialization): Show that if \/Exo has iid mean 0,
subgaussian entries, K has bounded norm then Assumption 3
holds with overwhelming probability.

Finally for comparison of SGD to its homogenized counter-part,
we need that the the risk we consider is well-behaved.

Suppose Z : R — R is
quadratic, i.e. there is a symmetric matrix T € R?*9, a vector
u € R%, and a constant ¢ € R so that

#(x) = 3x Tx+uTx+c. (79)

We assume that # satisfies | Z||2 < C for some C independent
of n and d. Moreover, we assume the following (for the same I
and ) as in Assumption 2:

max max %|eiTAfATe,- —Tr(RT)| < ||T||n"°%, where
z,yel" 1<i<n (80)

T = R(z)TR(y) + R(y)R(z), R(z) = R(z;K).

Then under all these assumptions, we can compare this risk as it
evolves under SGD to the same under homogenized SGD.

Theorem 17: Homogenization of multi-pass SGD

Suppose n > d€ and n < d° and suppose that Assumptions
2, 3 and 4 are in force. There is a ¢ > 0 depending only on 0
and € so that for any deterministic T > 0

sup |%(x1a) — Z(Xy)| < d~/?
0<t<T

with overwhelming probability.

As a principle example suppose one takes a linear regression
setup where for a fixed d x d covariance matrix X > 0 of
bounded norm, we set a sample (a,b) % D to be constructed
by

a=+vVZz, b= (aB)+nuw,
where z is an iid 1-subgaussian vector and w is mean 0 1-
subgaussian. We set #(x) = JE((a,x) — b)>.

Let ((a;,b;) : 1 < i < n) be n samples from this distribution,
and form a matrix (A,b) by setting the rows of A to be given

Lecture Notes | 66



High-dimensional limits of stochastic gradient descent Lecture Notes | 67

by the samples {a;}. Then provided n/d is bounded below
independent of d, Assumption 2 holds for any § > 0 with

overwhelming probability. Suppose xj is as in Exercise 12,

so that Assumption 3 holds. Finally both &7 and . satisfy
Assumption 4 with overwhelming probability. Hence for %
given by either of & or .Z,

sup |Z(xq) — Z(X¢)| < d¥/*
0<t<T

with overwhelming probability.

Remark 13 (Random (fully connected) feature regression): In ran-
dom features regression, suppose that one has an underlying
data distribution Dy on R™ ® RP. Motivated by neural net-
works (and especially by wide neural networks), one considers
an activation function ¢ : R — R and one introduces a weight
matrix W € R? ® R™. Then one transforms the data to make a
new distribution D by setting a sample from (a, b) D to be
given by

Ovutrut: (0((W,a),),b) where (a,b) ~ Dy.

If W is drawn simply from N(0,1d,, ®Idy), then this is a ran-
dom fully-connected feature model. More general, structured
covariances can be used to produce more elaborate and inter-
esting models: see [RRo8].

Random features models can also be seen to satisfy the as-
sumptions of Theorem 17; see [Paq+22a] for details.

This means we have a Volterra risk model for the training loss:

Let Z;
be the path of gradient flow started from initialization Xy for
minimizing the empirical risk, i.e.

2 = -VL(2).
Let K, be the function from [0,00) — [0, c0) given by

Tr(R2e—27Kt
Koy (t) = 727( 7 )

Then the Volterra risk model is the solution of the convolution-
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type Volterra equation

Y(t) = L(2) +/Ot I, (t— ) (s) ds.

Now to give the population risk &, it is helpful to return to the Often in this context, this is also re-
ferred to as the generalization error,

. . . meaning how well the estimator per-
The empirical risk curve concentrates around the Volterra risk forms on a new sample from the

behaviour of homogenized SGD.

model, as in Theorem 14. It follows that for homgenized SGD, we distribution.
actually have the following approximation

aX; ~ —(6) (V2 (%) + \/3¥ () KdBy),

which we shall see actually describes a Gaussian centered around
gradient flow.

To describe gradient flow, we need a surrogate for 8. The correct
relacement comes from properly projecting b Namely, we decompose

lAx = b]]* = | Ax — A(ATA) T ATD + 2 = [ A(x = B>+ 7%,

where 7 is a vector orthogonal to the rows of 4, i.e. ATy = 0. Here
we have set g* = (ATA)~1ATb. It follows that we have

V.Z(x) = K(x — B¥)

Then B* is the appropriate generalizer of f in the sense that gradi-
ent flow on .Z acts by

2i—p = K20~ "),
and moreover, homogenized SGD can be expressed as
dX; ~ —(t) (K(Xe — B*) + \/ 3.2(X¢)KdBy).
Hence, working for simplicity in the case y(t) = v,
d(e"K(X; — p*)) = 7K\ /2 2 (X;)RdB; ~ ¢"'K | /2¥(¢)RdB:.
This leads to the following approximation

Lemma 13 (Gaussian approximation): With () = <, we have
that for any T and any € > 0, with overwhelming probability

t % A
Xt — Xt + /0 ALY g‘I’(s)Kst‘ < d1/2e,

Thus for evaluation against another statistic, such as 2 (X;), we
have:

sup
0<t<T
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Corollary 6 (Generalization error model): The generalization error
Z(X¢) evolves according to the risk curve

t 4 A
PXe) = P(Xy) + /0 2 Tr (e~ 21 =IRKR)¥(s) ds + Ey

The error E; tends to 0 like d~1/2+¢ with overwhelming proba-
bility uniformly on compact sets.

5.1 Comparison of single and multi-pass case

A few major qualitative points can be made here. In an empirical risk
minimization framework, as multi-pass SGD minimizes the empirical
risk .Z, it has the ability to overfit. Thus, running longer in multi-pass
SGD can in fact actually degrade test loss performance.

On the other hand, the excess risk of using multi-pass SGD over
gradient flow, which is the term

t % A
Excess-risk(t) := / %zTr(e*h(t*S)KKK)‘I’(s) ds,
0

depends qualitatively on two main features, the size of v and the
behavior of the training loss ¥. In particular, when ¥ (f) — 0 (which
in particular implies that < is less than the convergence threshold
2Tr(K)/d) then the excess risk of SGD tends to 0.

In situations where ¥(t) — ¥(o0) > 0, then the excess risk in-
curred tends to

Excess-risk(c0) = -4 Tr(KII(K))¥ (o),

where TT(K) is the projection onto the span of K. Note that in the
streaming case, there is also excess risk caused by SGD over gradient
flow, and it follows a similar recipe.

From a risk minimization point of view, one can ask whether the
danger of overfitting using multi-pass SGD outweighs the cost of
using one-pass SGD, which is limited in the number of steps by the
number of data points? The answer is complicated and depends
greatly on the problem, see as an illutration Figure 6 and 7.

5.2 Proof strategy for homogenized SGD

The general plan of the proof follows that of streaming SGD, with a
few important differences. We give an overview of the strategy here.
As there, we look to evaluate the updates of a quadratic test statistic
over time.
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Figure 6: Risk curves for a
simple linear regression prob-
lem. Multi-pass SGD, its high

................................................... 0-P Risk 2000 . . K .
v dimensional equivalent (i.e.
2 N N N 0-P Risk 3000 “Volterra”), Streaming SGD (i.e.
E 107 one-pass with varying dataset
® size), and the expected risk of
8_ U\ \ N NG 0-P Risk 5000 homogeruzed SGD (“Strean’ung

— M- olt.

&£ 1P SGD/VOI. 3000 Volterra”) are all plotted. Risk

mm= M-P SGD/Volt. 5000
mmm M-P SGD/Volt. 8000
mes M-P SGD/Volt. 12000
M-P SGD/Volt. 16000
M-P SGD/Volt. 24000
=== Streaming SGD
m Streaming Volt.

b-p Risk 8000 levels for streaming SGD at

various levels n are plotted for
—3,0-P Risk 12000 comparison against the corre-

sponding multi-pass version.
Note that at smaller dataset
sizes, multi-pass SGD improves

10? 10° 104

Iterations

greatly over one-pass SGD. At
higher dataset sizes, they are
Now for an update, we have from (76) similar and in fact multi-pass

SGD always underperforms.
q(xx1) —9(xx) = —{Valxe), ai, ) (i, x6) — i)

2
+ V20, 052 ) (i, i) — by, )

(81)

We then proceed to compute the conditional means of both of these
terms.
The first term we connect to the empirical risk, via

E[(Vq(xi), ai,,) (@i, x6) — i) | Fil
= 1(Vq(x), AT(Ax — b))
= (Vq(xi), VL (xg)).

As for the second term, we define f;(x) = 1({a; xx) — b;)? and
observe this allows us to express it as

31(V2q(xi), a7 ) (i, o xi) — by, )* = <V2q(xk)/ﬂfffl>fikﬂ (xk)-

Tkl

If a;, ., were independent of V2q(x;) = V2q (recall that g is quadratic),

then we could approximate (V2g(xy), a;?i) (using something like the

Hanson-Wright inequality) by

(V2q(xi),a.2)) ~ (V2a(x), R).

7 ik

Hence, it would suffice to work on the event £7 on which

max (V2g,a;”% — K)| < || Vg|*n /2%,
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Empirical risk

SGD n = 4,000
Volterra n = 4,000
SGD 6,000
Volterra, 6,000
SGD 10,000
Volterra, 10,000
SGD 20,000
Volterra, 20,000
SGD 40,000
Volterra, 40,000
Streaming SGD
Streaming Volterra

A
—1 RN
10~ SRR

10—2<

[CIFAR-Sm, Random Features}

10! 102 103 104 105 106
iterations

Population risk

(CIFAR-5m, Random Features

10714

6 x 1072

4 x 1072

102 103 10 105 106
iterations
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Figure 7: Risk curves for fully-
connected random features
model (withd = 6000) built
on CIFAR-5m, empirical (top)
and test-loss (bottom). The
CIFAR-5m dataset [NNS21] is

a synthetically generated 5 mil-
lion data-point set of images,
with the same class structure
and image geometry as CIFAR-
10. We compare running SGD
on these curves as we vary the
size of the subset used in each
run. Note that in generalization
performance, multi-pass SGD
continues to improve gener-
alization performance up to
around 2 x 10* = 20,000 it-
erations (for all n displayed),
which is about 5 epochs in
then = 4000 case. Achiev-
ing the same performance

with streaming requires about
10° = 100, 000 iterations.
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Now suppose we introduce the stopping time T given by
inf{k : miaxfl-(xk) > nf},
then for k > 7 we have
[E[(V2q(x), a2 ) fi, (300) | il = (V2q, R).Z (x0)| < ™12,
Thus, we have a martingale decomposition

9(x1) = a(x) = —n{Va(xf), VL (xD)) + mdM®

o2 T 2 A aqquad (82)
+ F(V7q, K)ZL (xg) + miKLg + 7, AME,

where KLy is a deterministic error controlled by n~1/2%2¢ on £9. The
martingale increments AM}S“ and AM;}uad can be controlled using
martingale concentration techniques and the implied control from the
stopping time 7.

Now as in (42), we perform this analysis over a class of functions.
This function class only need to be modified slightly, to account for

the change of 8. So we define:

Qu(q) = Qn(‘]rk) =
{a), (Va) RER)x, ¥Ry R)(V2)R(EK)x,

(Va(x))"R(zK)ATb,  xTR(y; R)(V?q)R(z; K)ATb, v.z,yer},
(83)

and as in the streaming setting, we use a function class Q =
04(Z,K) U Qu(|| - |2, K) U Qu(#,K), where % is the additional
risk that we look to use.

Now the remainder of the proof proceeds as follows.

1. We need to show we can work on the event £9 for all g € Q. This
is where Assumption 4 plays its role (specifically for #). For the
12

norm || - ||* and for ., we get this control from Assumption 2.

2. Let o be the first time k that .Z(x;) > C (for a large but unimpor-
tant C independent of d, ). Now show that T does not occur be-
fore o with overwhelming probability. This uses a bootstrap argu-
ment, which shows that under the assumption the max-coordinate
has some initial control, it can be improved with high probability.

3. The martingale terms are controlled with overwhelming probabil-
ity using Freedman-inequality type bounds.

Lecture Notes | 72



High-dimensional limits of stochastic gradient descent

References

[AG]21]

[Arn+23]

[BAGJ22]

[BCN18a]

[BCN18b]

[BCW22]

[Bot10]

[Botg8]

[CP23a]

[CP23b]

Gerard Ben Arous, Reza Gheissari, and Aukosh Jagan-
nath. “Online stochastic gradient descent on non-convex
losses from high-dimensional inference”. In: The Journal
of Machine Learning Research 22.1 (2021), pp. 4788-4838.

Luca Arnaboldi et al. “Escaping mediocrity: how two-
layer networks learn hard single-index models with
SGD”. In: arXiv preprint arXiv:2305.18502 (2023).

Gerard Ben Arous, Reza Gheissari, and Aukosh Jagan-
nath. “High-dimensional limit theorems for sgd: Effec-
tive dynamics and critical scaling”. In: Advances in Neural
Information Processing Systems 35 (2022), pp. 25349-25362.

Léon Bottou, Frank E Curtis, and Jorge Nocedal. “Opti-
mization methods for large-scale machine learning”. In:
Siam Review 60.2 (2018), pp. 223-311.

Léon Bottou, Frank E Curtis, and Jorge Nocedal. “Opti-
mization methods for large-scale machine learning”. In:
SIAM review 60.2 (2018), pp. 223-311.

Raghu Bollapragada, Tyler Chen, and Rachel Ward. “On
the fast convergence of minibatch heavy ball momen-
tum”. In: arXiv preprint arXiv:2206.07553 (2022).

Léon Bottou. “Large-scale machine learning with
stochastic gradient descent”. In: Proceedings of COMP-
STAT 2010: 19th International Conference on Computational
StatisticsParis France, August 22-27, 2010 Keynote, Invited
and Contributed Papers. Springer. 2010, pp. 177-186.

Leon Bottou. “Online learning and stochastic approx-
imations”. In: On-linelearning in neural networks 17.9
(1998), p- 142.

Elizabeth Collins-Woodfin and Elliot Paquette. “High-
dimensional limit of one-pass SGD on least squares”.
In: arXiv e-prints, arXiv:2304.06847 (Apr. 2023),
arXiv:2304.06847. DOI: 10 .48550/arXiv.2304.06847.
arXiv: 2304.06847 [math.PR].

Elizabeth Collins-Woodfin and Elliot Paquette. “High-
dimensional limit of one-pass SGD on least squares”.
In: arXiv e-prints, arXiv:2304.06847 (Apr. 2023),
arXiv:2304.06847. DOI: 10 . 48550 /arXiv.2304.06847.
arXiv: 2304.06847 [math.PR].

Lecture Notes | 73


https://doi.org/10.48550/arXiv.2304.06847
https://arxiv.org/abs/2304.06847
https://doi.org/10.48550/arXiv.2304.06847
https://arxiv.org/abs/2304.06847

High-dimensional limits of stochastic gradient descent

[DHS11]

[Ger+22]

[Gol+20]

[HS21]

[HSS12]

[KB14]

[Kid+18]

[KNS16]

[KSo1]

John Duchi, Elad Hazan, and Yoram Singer. “Adaptive
subgradient methods for online learning and stochastic
optimization.” In: Journal of machine learning research 12.7
(2011).

Cedric Gerbelot et al. “Rigorous dynamical mean field
theory for stochastic gradient descent methods”. In:
arXiv preprint arXiv:2210.06591 (2022).

Sebastian Goldt et al. “Modeling the influence of data
structure on learning in neural networks: The hidden
manifold model”. In: Physical Review X 10.4 (2020),

P. 041044.

Boris Hanin and Yi Sun. “How Data Augmentation
affects Optimization for Linear Regression”. In: Ad-
vances in Neural Information Processing Systems. Ed.

by M. Ranzato et al. Vol. 34. Curran Associates, Inc.,
2021, pp. 8095-8105. URL: https : //proceedings .
neurips . cc / paper_ files / paper/ 2021/ file/
442b548e816f05640dec68f497ca38ac- Paper. pdf.

Geoffrey Hinton, Nitish Srivastava, and Kevin Swer-
sky. “Neural networks for machine learning lecture 6a
overview of mini-batch gradient descent”. In: Cited on
14.8 (2012), p. 2.

Diederik P Kingma and Jimmy Ba. “Adam: A
method for stochastic optimization”. In: arXiv preprint
arXiv:1412.6980 (2014).

Rahul Kidambi et al. “On the insufficiency of existing
momentum schemes for stochastic optimization”. In:
2018 Information Theory and Applications Workshop (ITA).
IEEE. 2018, pp. 1-9.

Hamed Karimi, Julie Nutini, and Mark Schmidt. “Linear
convergence of gradient and proximal-gradient meth-
ods under the polyak-lojasiewicz condition”. In: Machine
Learning and Knowledge Discovery in Databases: Euro-

pean Conference, ECML PKDD 2016, Riva del Garda, Italy,
September 19-23, 2016, Proceedings, Part I 16. Springer.

2016, pp. 795-811.

Ioannis Karatzas and Steven E. Shreve. Brownian mo-
tion and stochastic calculus. Second. Vol. 113. Graduate
Texts in Mathematics. Springer-Verlag, New York, 1991,
pp. Xxiv+470. DOIL: 10.1007/978-1-4612-0949- 2. URL:
https://doi.org/10.1007/978-1-4612-0949-2.

Lecture Notes | 74


https://proceedings.neurips.cc/paper_files/paper/2021/file/442b548e816f05640dec68f497ca38ac-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2021/file/442b548e816f05640dec68f497ca38ac-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2021/file/442b548e816f05640dec68f497ca38ac-Paper.pdf
https://doi.org/10.1007/978-1-4612-0949-2
https://doi.org/10.1007/978-1-4612-0949-2

High-dimensional limits of stochastic gradient descent Lecture Notes | 75

(KY]

[KY17]

[LeC+98]

[Lee+22]

[MBB18]

[MY18]

[NNS20]

[NNS21]

[Oks13]

[Pag+21]

[Pag+22a]

H. Kushner and G.G. Yin. Stochastic Approximation and
Recursive Algorithms and Applications. Stochastic Mod-
elling and Applied Probability.

A. Knowles and ]. Yin. “Anisotropic local laws for ran-
dom matrices”. In: Probab. Theory Related Fields 169.1-2
(2017), pp. 257-352.

Yann LeCun et al. “Gradient-based learning applied to
document recognition”. In: Proceedings of the IEEE 86.11
(1998), pp- 2278-2324.

Kiwon Lee et al. “Trajectory of Mini-Batch Momentum:
Batch Size Saturation and Convergence in High Dimen-
sions”. In: To Appear in NeurlPS 2022, arXiv:2206.01029
(June 2022), 38pp. arXiv: 2206.01029 [math.0C].

Siyuan Ma, Raef Bassily, and Mikhail Belkin. “The power
of interpolation: Understanding the effectiveness of SGD
in modern over-parametrized learning”. In: International
Conference on Machine Learning. PMLR. 2018, pp. 3325—
3334-

Jerry Ma and Denis Yarats. “Quasi-hyperbolic momen-
tum and Adam for deep learning”. In: International Con-
ference on Learning Representations. 2018.

Preetum Nakkiran, Behnam Neyshabur, and Hanie
Sedghi. “The deep bootstrap framework: Good online
learners are good offline generalizers”. In: arXiv preprint
arXiv:2010.08127 (2020).

P. Nakkiran, B. Neyshabur, and H. Sedghi. “The Deep
Bootstrap Framework: Good Online Learners are Good
Offline Generalizers”. In: International Conference on
Learning Representations (ICLR). 2021.

Bernt Oksendal. Stochastic differential equations: an intro-
duction with applications. Springer Science & Business
Media, 2013.

Courtney Paquette et al. “SGD in the Large: Average-
case Analysis, Asymptotics, and Stepsize Criticality”. In:
Proceedings of Thirty Fourth Conference on Learning Theory.
Ed. by Mikhail Belkin and Samory Kpotufe. Vol. 134.
Proceedings of Machine Learning Research. PMLR, Aug.
2021, pp. 3548-3626. arXiv: 2102.04396 [math.0C].

Courtney Paquette et al. “Homogenization of SGD in
high-dimensions: Exact dynamics and generalization
properties”. In: arXiv e-prints, arXiv:2205.07069 (May
2022), 64pp. arXiv: 2205.07069 [math.ST].


https://doi.org/10.1007/s00440-016-0730-4
https://doi.org/10.1007/s00440-016-0730-4
https://arxiv.org/abs/2206.01029
https://openreview.net/pdf?id=guetrIHLFGI
https://openreview.net/pdf?id=guetrIHLFGI
https://openreview.net/pdf?id=guetrIHLFGI
https://arxiv.org/abs/2102.04396
https://arxiv.org/abs/2205.07069

High-dimensional limits of stochastic gradient descent

[Pag+22b]

[PP21]

[RM51]

[RRo8]

[SK19]

[SS9s]

[Sut+13]

[Vei+22]

[Ver18]

Courtney Paquette et al. “Implicit Regularization or
Implicit Conditioning? Exact Risk Trajectories of SGD
in High Dimensions”. In: To Appear in NeurIPS 2022,
arXiv:2206.07252 (June 2022), 33pp. arXiv: 2206 . 07252
[stat.ML].

Courtney Paquette and Elliot Paquette. “Dynam-
ics of Stochastic Momentum Methods on Large-
scale, Quadratic Models”. In: Advances in Neural In-
formation Processing Systems. Ed. by M. Ranzato et
al. Vol. 34. Curran Associates, Inc., 2021, pp. 9229—
9240. arXiv: 2106 . 03696 [math.0C]. URL: https :

/ /proceedings . neurips . cc/paper/2021/ file/
4cf0edB8641cfcbbf46784€620a0316fb- Paper. pdf.

Herbert Robbins and Sutton Monro. “A stochastic ap-
proximation method”. In: The annals of mathematical
statistics (1951), pp. 400—407.

A. Rahimi and B. Recht. “Random features for large-

scale kernel machines”. In: Advances in Neural Information

Processing Systems (NeurIPS). Vol. 20. 2008, pp. 1177-
1184.

Connor Shorten and Taghi M Khoshgoftaar. “A survey
on image data augmentation for deep learning”. In:
Journal of big data 6.1 (2019), pp. 1—48.

David Saad and Sara Solla. “Dynamics of on-line gradi-

ent descent learning for multilayer neural networks”. In:

Advances in neural information processing systems 8 (1995).

Ilya Sutskever et al. “On the importance of initialization
and momentum in deep learning”. In: International con-
ference on machine learning. PMLR. 2013, pp. 1139-1147.

Rodrigo Veiga et al. “Phase diagram of Stochastic Gra-
dient Descent in high-dimensional two-layer neural
networks”. In: Advances in Neural Information Processing
Systems 35 (2022), pp. 23244—23255.

Roman Vershynin. High-dimensional probability. Vol. 47.
Cambridge Series in Statistical and Probabilistic Math-
ematics. An introduction with applications in data sci-
ence, With a foreword by Sara van de Geer. Cambridge
University Press, Cambridge, 2018, pp. xiv+284. DOTI:
10.1017/9781108231596. URL: https://doi.org/10.
1017/9781108231596.

Lecture Notes | 76


https://arxiv.org/abs/2206.07252
https://arxiv.org/abs/2206.07252
https://arxiv.org/abs/2106.03696
https://proceedings.neurips.cc/paper/2021/file/4cf0ed8641cfcbbf46784e620a0316fb-Paper.pdf
https://proceedings.neurips.cc/paper/2021/file/4cf0ed8641cfcbbf46784e620a0316fb-Paper.pdf
https://proceedings.neurips.cc/paper/2021/file/4cf0ed8641cfcbbf46784e620a0316fb-Paper.pdf
https://papers.nips.cc/paper/3182-random-features-for-large-scale-kernel-machines
https://papers.nips.cc/paper/3182-random-features-for-large-scale-kernel-machines
https://doi.org/10.1017/9781108231596
https://doi.org/10.1017/9781108231596
https://doi.org/10.1017/9781108231596

High-dimensional limits of stochastic gradient descent

[YO19]

Yuki Yoshida and Masato Okada. “Data-dependence of
plateau phenomenon in learning with neural network—
Statistical mechanical analysis”. In: Advances in Neural
Information Processing Systems 32 (2019).

Lecture Notes | 77



	Background
	Tensors and calculus
	Resolvents
	Perturbation Formulas
	Spectral mapping
	Martingales and concentration
	Subgaussian Martingale concentration
	Subexponential Martingale concentration
	Itô calculus

	SGD and optimization theory
	SGD on the finite-sum
	Risks
	Streaming/Online stochastic gradient descent
	Classical convergence of stochastic gradient descent
	The pessimism of almost sure convergence

	High-dimensional limits: streaming SGD in the case autonomous order parameters
	Hidden finite dimensional risk manifold

	High dimensional analysis of streaming SGD on the correlated least squares problem
	Explicit risk curves
	Optimization implications of the Volterra risk model.
	Infinite dimensional Volterra equation
	Proof sketch of the homogenized SGD comparison
	Controlling the errors

	Homogenization of Multipass SGD on the least squares
	Comparison of single and multi-pass case
	Proof strategy for homogenized SGD


